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Abstract
We develop geometric superspace settings to construct arbitrary higher
derivative couplings (including Rn terms) in three-dimensional supergravity
theories with N ≤ 3 by realising them as conformal supergravity coupled to
certain compensators. For all known off-shell supergravity formulations, we
construct supersymmetric invariants with up to and including four derivatives.
As a warming-up exercise, we first give a new and completely geometric deriva-
tion of such invariants in N = 1 supergravity. Upon reduction to components,
they agree with those given in arXiv:0907.4658 and arXiv:1005.3952. We then
carry out a similar construction in the case of N = 2 supergravity for which
there exist two minimal formulations that differ by the choice of compensating
multiplet: (i) a chiral scalar multipet; (ii) a vector multiplet. For these for-
mulations all four derivative invariants are constructed in completely general
and gauge independent form. For a general supergravity model (in the N = 1
and minimal N = 2 cases) with curvature-squared and lower order terms, we
derive the superfield equations of motion, linearise them about maximally su-
persymmetric backgrounds and obtain restrictions on the parameters that lead
to models for massive supergravity. We use the non-minimal formulation for
N = 2 supergravity (which corresponds to a complex linear compensator) to
construct a novel consistent theory of massive supergravity. In the case of
N = 3 supergravity, we employ the off-shell formulation with a vector mul-
tiplet as compensator to construct for the first time various higher derivative
invariants. These invariants may be used to derive models for N = 3 massive
supergravity. As a bi-product of our analysis, we also present superfield equa-
tions for massive higher spin multiplets in (1,0), (1,1) and (2,0) anti-de Sitter
superspaces.
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1 Introduction
Higher-derivative gravity has attracted attention, on and off, for over half a cen-
tury. Interest in such theories was spurred on in the early 1960s when it was noticed
[1, 2] that the renormalization of divergences in quantum field theories in curved space-
time requires higher-derivative counterterms containing the curvature tensor squared.
A decade later it was established [3] that adding the higher-derivative structures
RabRab and R
2 to the Einstein-Hilbert (EH) Lagrangian leads to a renormalizable
theory in four spacetime dimensions, the price for renormalizability being unphysical
ghost modes in the theory. Furthermore, an important development took place in
1980 when Starobinsky proposed his (nowadays famous) model of inflation [4] ob-
tained by complementing the EH Lagrangian with a term proportional to the scalar
curvature squared.
In three dimensions (3D), consistent models for massive gravity can be constructed
by making use of certain higher-derivative extensions of the EH action. One such
extension was proposed more than thirty years ago [5] and is known as topologically
massive gravity (TMG). This model is obtained by adding a Lorentzian Chern-Simons
term (which is cubic in derivatives of the gravitational field) to the EH action. The
resulting theory does not preserve parity, is ghost-free and propagates a single massive
state of helicity ±2, where the sign depends on that of the Lorentz Chern-Simons term.
More recently, a parity-preserving model for 3D massive gravity has been proposed
[6] (see also [7]). It is obtained by combining the “wrong sign” EH Lagrangian with
a fourth-order term m−2(RabRab− 38R2), which introduces a mass parameter m. The
resulting theory, dubbed “new massive gravity” (NMG), proves to be unitary [8, 9, 10]
(unlike its 4D predecessor [3]) and it propagates two massive states of both helicities
±2 in a Minkowski vacuum.1 Further generalisations of NMG are also possible.
First of all, one may consider a hybrid parity-violating model which interpolates
between TMG and NMG [6] and is known as “general massive gravity” (GMS). Its
specific feature is that the ±2 helicity states have different masses m±. Furthermore,
adding a cosmological term (in the spirit of cosmological TMG [13, 14, 15]) leads to
cosmological GMG [6]. It turns out that all of these 3D models for massive gravity
admit supersymmetric extensions.
Topologically massive supergravity (TMSG) with N = 1 was introduced in [16]
and its cosmological extension followed in [13]. The off-shell versions of cosmological
TMSG theories were presented in [17] forN = 2 and in [18] forN = 3 andN = 4. The
1It has been claimed that NMG is power-counting renormalizable [11]. However, this statement
is incorrect as shown in [12].
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off-shell N = 1 supergravity extensions of the models for massive gravity proposed
in [6] were given in [19] (see also [20]), while the N = 2 case was studied in a recent
paper [22].
The constructions in [19, 20] and [22] made use of component techniques.2 Such
techniques are quite adept for deriving supergravity-matter systems with at most two
derivatives. However, they can become rather involved when it comes to construct-
ing higher-derivative couplings such as supersymmetric extensions of the curvature
squared terms.3 For instance, the Ricci squared invariant in N = 2 supergravity
with a chiral compensator was only given at the bosonic level in [22]. Moreover, the
component formalism does not seem to provide a clear approach to higher derivative
invariants with more than four derivatives. For this reason it is worth looking for
alternative approaches.
There exist fully-fledged superspace formulations for off-shell 3D N -extended con-
formal supergravity [27, 28], of which [27] is a gauged-fixed version of [28]. The SO(N )
superspace approach of [27] has been used to construct general off-shell supergravity-
matter couplings for 1 ≤ N ≤ 4. The conformal superspace of [28] has been applied to
provide a universal construction of the conformal supergravity actions for 1 ≤ N ≤ 6
[29, 30] (for each N , the conformal supergravity action is a locally supersymmetric
Lorentzian Chern-Simons term required to formulate TMSG). Off-shell versions for
3D Poincare´ and anti-de Sitter (AdS) supergravity theories naturally follow by cou-
pling conformal supergravity to conformal compensators, see [31] for the complete
description of the N = 2 case. In this paper we show that all the supergravity in-
variants required for the construction of the massive supergravity models proposed
in [19, 20, 22] naturally originate within the superspace approaches of [27, 28]. In
particular, the construction of four-derivative invariants in 3D N = 2 supergravity
is analogous to that in 4D N = 1 supergravity [32]. We also construct, for the first
time, curvature squared invariants in N = 3 supergravity.
Before turning to the technical aspects of this work, we would like to make several
comments concerning N = 2 supergravity.4 There are three off-shell formulations
for 3D N = 2 Poincare´ and AdS supergravity theories [27, 31]: (i) type I minimal;
2It should be mentioned that the superspace formalism to derive all the N = 1 invariants given
in [19, 20] has been available since 1979 [23, 24, 25]. However, the questions posed and answered in
[19, 20] had not been asked by the authors of [23, 24, 25]. In principle, the off-shell formulation for
3D N = 1 supergravity proposed in 1978 [26] is also perfectly suitable for the explicit construction
of the invariants given in [19, 20].
3The supersymmetric extensions of R3 terms in 3D N = 1 supergravity were constructed in [21].
4 For early works on off-shell 3D N = 2 supergravity, see [33, 34, 35, 36]. In on-shell 3D N = 2
supergravity, the matter couplings were studied in [37, 38, 39].
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(ii) type II minimal; and (iii) non-minimal. They differ by the structure of the
conformal compensators employed. Type I minimal supergravity is a 3D analogue
of the old minimal formulation for 4D N = 1 supergravity [40] (see [25, 41, 42]
for reviews). Type II minimal supergravity is a 3D analogue of the new minimal
formulation5 for 4D N = 1 supergravity [43] (see [41, 25] for reviews). The non-
minimal supergravity theories are analogues of the following 4D N = 1 theories:
(i) non-minimal supergravity without a cosmological term [44, 45]; and (ii) non-
minimal AdS supergravity [46]. As shown by Achu´carro and Townsend [47], in three
dimensions N -extended AdS supergravity exists in several incarnations. They were
called the (p, q) AdS supergravity theories where the non-negative integers p ≥ q are
such that N = p + q. It was demonstrated in [47] that these theories are naturally
associated with the 3D AdS supergroups OSp(p|2;R) × OSp(q|2;R). There are two
off-shell realisations for (1,1) AdS supergravity [31], which are the type I theory
with a cosmological term and the non-minimal AdS theory. There is only one off-
shell realisation for (2,0) AdS supergravity [31], which is the type II theory with a
cosmological term. Strictly speaking, the terminology (p, q) AdS supergravity should
be used only for supergravity theories with a cosmological term. In the literature,
however, the names (1,1) and (2,0) supergravity theories are also used for the type I
and type II minimal formulations.
This paper is organised as follows. Section 2 is devoted to the description ofN = 1
supergravity models. In sections 3, 4 and 5, N = 2 supergravity models with a chiral
compensator, with a real linear compensator and a complex linear compensator are
presented, respectively. In all the sections 2–5 special attention is given to those
models that describe massive supergravity. In section 6 we construct new invariants
in N = 3 supergravity with a vector multiplet compensator. A discussion of our
results and concluding comments are given in section 7.
We have also included a few technical appendices. In appendix A we summarise
the essential details of conformal superspace for N ≤ 3. Appendices B and C are
devoted to prepotential deformations for N = 1 and N = 2 supergravity.
2 N = 1 supergravity models
The construction of N = 1 supergravity models in three dimensions can be per-
formed using the conventional superspace formalism of [23, 24, 25]. It makes use of
5Unlike the new minimal formulation for 4D N = 1 supergravity, the type II minimal formulation
is suitable to describe AdS supergravity, which is a unique feature of three dimensions.
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a curved superspace M3|2 parametrized by real bosonic (xm) and real fermionic (θµ)
coordinates zM = (xm, θµ), where m = 0, 1, 2 and µ = 1, 2.
2.1 Conventional superspace
The superspace geometry is described in terms of covariant derivatives of the form
DA = (Da,Dα) = EA − ΩA . (2.1)
Here the vector fields EA = EA
M∂/∂zM define the inverse vielbein, and
ΩA =
1
2
ΩA
bcMbc = −ΩAbMb = 1
2
ΩA
βγMβγ (2.2)
is the Lorentz connection. The Lorentz generators with two vector indices (Mab =
−Mba), with one vector index (Ma) and with two spinor indices (Mαβ = Mβα) are
related to each other by the rules: Ma =
1
2
εabcM
bc andMαβ = (γ
a)αβMa. The Lorentz
generators act on the covariant derivatives as follows:
[Mαβ ,Dγ] = εγ(αDβ) , [Mab,Dc] = 2ηc[aDb] . (2.3)
In the notation of [27], the covariant derivatives obey the following (anti-)commutation
relations:
{Dα,Dβ} = 2iDαβ − 4iSMαβ , (2.4a)
[Dαβ,Dγ] = −2εγ(αSDβ) + 2εγ(αCβ)δρM δρ
+
2
3
(DγSMαβ − 4D(αSMβ)γ) , (2.4b)
[Da,Db] = − i
2
εabc(γ
c)αβ
{
CαβγDγ + 4
3
DαSDβ −D(αCβγδ)Mγδ
+
2
3
(D2 − 6iS)SMαβ
}
, (2.4c)
where S and Cαβγ are related to each other by the Bianchi identity
DγCαβγ = −4i
3
DαβS . (2.5)
Practically all supergravity actions (with the action for conformal supergravity
being a notable exception) may be realized as invariants of the form6
S = i
∫
d3|2z E L(T ,DT ,D2T , · · · ) , E−1 = Ber(EAM) , (2.6)
6In N -extended superspace we use the notation d3|2N z := d3xd2N θ. The N = 1 supergravity
measure, d3|2z E, is imaginary.
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where T schematically represents the torsion components appearing in the covariant
derivative algebra (2.4). Various choices for L lead to different supergravity models.
As far as the higher-derivative supergravity invariants are concerned, the important
observations are: (i) the top component of S gives a scalar curvature contribution; and
(ii) a linear in θ component of Cαβγ , D(αCβγδ), contains the traceless part of the Ricci
curvature tensor. Therefore, choosing L ∝ (DαS)DαS leads to a supersymmetric
completion of the scalar curvature squared, while L ∝ CαβγCαβγ produces the Ricci
tensor squared along with some other contributions.
As is well known, gravity in d > 2 dimensions can be realized as a Weyl invariant
dynamical system describing conformal gravity coupled to a conformal compensator
[48, 49]. It is also well known that similar formulations exist for various supergravity
theories. Such formulations are useful for certain applications, including the compo-
nent reduction of supergravity models. It is especially suitable when the conformal
supergravity action is a sector of the complete action of the theory under considera-
tion. In three dimensions, N = 1 conformal supergravity can be described using the
above curved superspace setting by requiring an additional gauge symmetry known
as super-Weyl invariance. The algebra of covariant derivatives (2.4) is invariant under
super-Weyl transformations [34, 50, 51] of the form7
D′α = e
1
2
σ(Dα +DβσMαβ) , (2.7a)
D′a = eσ
(
Da + i
2
(γa)
αβ(Dασ)Dβ + εabc(Dbσ)M c
− i
8
(γa)
αβ(Dγσ)DγσMαβ
)
, (2.7b)
with the parameter σ being a real unconstrained superfield. The corresponding trans-
formation of the torsion superfields is
S ′ = i
2
e
3
2
σ
(D2 − 2iS)e− 12σ , C′αβγ = −12e
1
2
σ
(D(αβDγ) − 2Cαβγ)eσ . (2.7c)
Every supergravity-matter action can be made super-Weyl invariant by coupling the
fields to a conformal compensator ϕ, which is a nowhere vanishing scalar superfield
with the super-Weyl transformation law
ϕ′ = e
1
2
σϕ . (2.8)
Applying a finite super-Weyl transformation allows one to choose the gauge ϕ = 1,
in which the super-Weyl invariant action reduces to the original one.
7Only infinitesimal super-Weyl transformations were given in [34, 50, 51].
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The super-Weyl invariance (2.7) is intrinsic to conformal supergravity. The action
for N = 1 conformal supergravity8 does not depend on ϕ and is given by [53]
SCSG = −2
∫
d3|2z E ΩαβγGαβγ
+
2
3
∫
d3|2z E
{
tr(ΩαΩβΩαβ − 2SΩαΩα)− SΩαβαΩγβγ
}
+32i
∫
d3|2z E S2 , (2.9)
where we have used the matrix notation ΩA = (ΩAβ
γ) and introduced the tensor
Gαβγ := Cαβγ − 4
3
εα(βDγ)S , DαGαβγ = 0 . (2.10)
This tensor will be used for later considerations. Modulo an overall coefficient, the
structures in the first and second lines of (2.9) are uniquely fixed by the condition of
invariance under the local Lorentz transformations
δKΩA
bc = KA
DΩD
bc −DAKbc . (2.11)
The last term in (2.9) is uniquely fixed by requiring invariance under the super-Weyl
transformations. Separate sectors of the superfield action (2.9) had appeared long
ago [25, 34, 50], but the complete action was given only in [53].
2.2 The superconformal setting
Off-shell N -extended conformal supergravity in three dimensions can be realized
in superspace [28] as a gauge theory of the superconformal group OSp(N|4,R). This
formulation, known as conformal superspace, is briefly reviewed in appendix A. It is
the most powerful approach to derive off-shell conformal supergravity actions [29, 30].
In theN = 1 case, the Weyl invariant formulation for conformal supergravity sketched
above originates from conformal superspace by partially fixing certain local symme-
tries, see [28] for the details. Therefore, it is quite natural to carry out our subsequent
analysis in conformal superspace; all results may be recast in the conventional super-
space formalism by imposing the gauge conditions required. One of the advantages
of conformal superspace is that it improves the complexity in performing component
reduction.
8The action for N = 1 conformal supergravity was originally constructed in components using
the superconformal tensor calculus [52].
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Within the conformal superspace setting, the conformal compensator ϕ has to be
a primary superfield of dimension 1/2,
Dϕ =
1
2
ϕ , KAϕ = 0 . (2.12)
We define the component fields of ϕ as follows9
l := ϕ| , λα := i∇αϕ| , S := i
2
∇2ϕ| , (2.13)
where the bar-projection [54, 42, 25] of a superfield V (z) = V (x, θ) is defined in the
standard way V | := V (x, θ)|θ=0. Here we have introduced the operator
∇2 := ∇α∇α . (2.14)
Using ϕ one can deform the covariant derivatives of conformal superspace ∇A to
new covariant derivatives DA that are dimensionless and take primary superfields to
primary ones. This procedure is very much like the one adopted in [55, 56, 57, 46,
58] to construct Weyl invariant covariant derivatives. We define the new covariant
derivatives as follows:
Dα :=
1
ϕ
(∇α − 2∇β lnϕMαβ − 2∇α lnϕD) , (2.15a)
Da :=
i
4
(γa)
αβ{Dα,Dβ} − 2SMa , (2.15b)
where we have introduced the dimension zero primary superfield
S :=
i
2ϕ3
∇2ϕ . (2.16)
Note that ϕ is covariantly constant with respect to DA, DAϕ = 0. When acting on a
primary superfield, the covariant derivatives DA satisfy the algebra
{Dα,Dβ} = 2iDαβ − 4iSMαβ , (2.17a)
[Dαβ,Dγ] = −2εγ(αS Dβ) + 2εγ(αCβ)δρM δρ
+
2
3
(
DγSMαβ − 4D(αSMβ)γ
)
, (2.17b)
where we have introduced
Cαβγ := − 1
2ϕ
∇(αβ∇γ) 1
ϕ2
. (2.18)
The algebra (2.17) formally coincides with (2.4). In fact, we can relate the su-
perconformal framework presented above to the one of conventional superspace by
9The component fields of the conformal supergravity multiplet were elaborated in [29].
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gauge fixing the additional symmetries. The conformal boosts and S-supersymmetry
transformations can be fixed by imposing the gauge condition
BA = 0 , (2.19)
which reduces conformal superspace to conventional superspace via the degauging
procedure of [28]. The composites (2.16) and (2.18) become
S =
i
2ϕ3
(D2 − 2iS)ϕ , (2.20a)
Cαβγ = − 1
2ϕ
(D(αβDγ) − 2Cαβγ) 1
ϕ2
. (2.20b)
One can then use the super-Weyl transformations to impose the gauge condition
ϕ = 1 . (2.21)
One can see that in the above gauge the composites (2.16) and (2.18) coincide with
the torsion components S and Cαβγ of conventional superspace.
We will make use of the composites (2.16) and (2.18) to construct supergravity
invariants as superspace integrals. Superspace actions have the form
S = i
∫
d3|2z E L , (2.22)
where L = L¯ is a real primary superfield of dimension 2,
DL = 2L , KAL = 0 . (2.23)
Using our constructions one may consider general actions of the form
S = i
∫
d3|2z E ϕ4L(T ,DT ,D2T , · · · ) , (2.24)
where L is a dimensionless superfield constructed out of the torsion components T
of the covariant derivatives DA. In particular, one can in principle construct general
higher derivatives couplings. In this section, we will focus our attention on actions
containing at most curvature squared terms.
In order to reduce the superspace actions to components we make use of the
following component reduction formula [59]:
S = i
∫
d3|2z E L ,
= − i
4
∫
d3x e
{
∇2 − i(γa)αβψaα∇β − 1
2
εabc(γa)αβψb
αψc
β
}
L| , (2.25)
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where e := det
(
em
a
)
. Here the component vielbein em
a, its inverse ea
m and the
gravitino field ψa
β are defined by
em
a := Em
a| , eamemb = δba , emaean = δnm , (2.26a)
ψa
β := ea
mψm
β , ψm
α := 2Em
α| . (2.26b)
In what follows, we will mostly be interested in the bosonic sectors of locally su-
persymmetric actions, although by using the previous results it is straightforward to
derive the full component actions.
Applying the component reduction formula, eq. (2.25), to our supergravity mod-
els, one will often find the appearance of terms such as ∇a∇aϕ| and ∇a∇a∇b∇bϕ|.
Such terms are of significance because they involve scalar curvature and Ricci curva-
ture squared contributions. In general one finds for a primary scalar superfield φ of
dimension ∆ and lowest component f := φ| the following results:
∇a∇aφ| =
(
DaDa +
∆
4
R
)
f + fermion terms , (2.27a)
∇a∇a∇b∇bφ| = Da
(
DaD
bDbf +
∆
4
(DaR)f +
∆
4
RDaf
+(2∆− 1)
(
RabD
bf − 1
4
RDaf
))
+
(
2∆− 1)RabDaDbf − (∆− 3)
4
RDaDaf
+∆
(
2∆− 1)RabRabf − ∆(9∆− 7)
16
R2f + fermion terms . (2.27b)
Here we have introduced the covariant derivative
Da = ea
m
(
∂m − 1
2
ωm
bcMbc − bmD
)
, (2.28)
where the Lorentz connection ωm
bc and dilatation connection bm are defined as com-
ponent projections of their corresponding superspace connections,
ωm
bc = Ωm
bc| , bm = Bm| . (2.29)
The scalar curvature R is constructed from the Lorentz curvature Rab
cd as follows
R = Rab
ab , (2.30)
where the Lorentz curvature Rab
cd is given by
Rab
cd = 2ea
meb
n
(
∂[mωn]
ab − 2ω[mcfωn]f d
)
. (2.31)
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In the cases we consider we will only need to make use of the results (2.27) in the
gauge where φ = 1. For a more detailed discussion of the component results and
conventions, the reader is referred to [29].
It should be mentioned that at the component level the gauge conditions (2.19)
and (2.21) corresponds to setting
l = 1 , λα = 0 , bm = 0 . (2.32)
Here the first gauge condition fixes the dilatations, the second fixes the S-supersymmetry
transformations and the last fixes the conformal boosts. We also point out that the
top component S of ϕ, eq. (2.13), does not vanish in the gauge ϕ = 1. These gauge
conditions are useful in deriving component actions corresponding to supergravity
invariants.
2.3 Supergravity invariants
We now turn to describing locally supersymmetric invariants which contribute to
massive supergravity actions.
2.3.1 The supergravity action
The standard N = 1 supergravity action with a cosmological term is given by
S =
1
κ
SSG + λScos , (2.33)
where
SSG = 8i
∫
d3|2z E ϕ4S , (2.34)
is the supersymmetric Einstein-Hilbert action, and
Scos = i
∫
d3|2z E ϕ4 (2.35)
is the supersymmetric cosmological term. The functional SSG gives rise to the Einstein-
Hilbert term −1
2
R once one reduces to components and imposes the gauge conditions
(2.32). To see this one applies the component reduction formula (2.25) to the action
(2.34). Keeping in mind the expression for S in terms of the compensator, eq. (2.16),
one finds a term involving the component projection of ∇2∇2ϕ = −4∇a∇aϕ. Finally,
making use of (2.27) in the gauge ϕ = 1 recovers the Einstein-Hilbert term. The full
component action can be similarly computed. Here we are primarily concerned with
the curvature dependence of our supergravity invariants.
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2.3.2 The Sn invariants
Keeping in mind the gauge condition (2.32), one can construct an invariant which
contains an Sn term, with n a positive integer. Such a functional is given in terms of
S as follows:
SSn = i
∫
d3|2z E ϕ4S n−1 . (2.36)
For n = 1 and n = 2 one recovers the supergravity cosmological term (2.35) and
the Poincare´ supergravity action (2.34), respectively. Similarly to the supergravity
action one can check that the action (2.36) contains the contribution − (n−1)
16
RSn−2
for n ≥ 2. The corresponding bosonic component action was given in [20]. For n = 1
it coincides with the cosmological term, while for n = 2 it gives the Einstein-Hilbert
term.
2.3.3 The scalar curvature squared invariant
A functional containing a scalar curvature term R2 may be constructed using
Sscalar2 =
∫
d3|2z E ϕ4 (DαS )DαS . (2.37)
Upon integration by parts the above functional may be taken to the equivalent form
Sscalar2 = −
∫
d3|2z E ϕS∇2(ϕS )− 2SS4 . (2.38)
One can check that the first term in Sscalar2 gives rise to a scalar curvature squared
term, − 1
64
R2. At the component level a scalar curvature squared action was given in
[19] using different techniques. Our curvature squared action (2.37) differs from the
one in [19] by the addition of a multiple of the S4 invariant.
2.3.4 The Ricci curvature squared invariant
An invariant containing a Ricci squared term, RabRab, is given by
SRicci2 = −2
∫
d3|2z E ϕ4C αβγCαβγ . (2.39)
One can verify this readily by imposing the gauge conditions (2.19) and (2.21) and
working in conventional superspace. It is not difficult to see that the component
action will involve a Riemann curvature squared contribution, which leads to the
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Ricci squared term. In particular, in the gauge (2.32) one finds the curvature squared
contribution to be
RabRab − 1
3
R2 . (2.40)
One can then show that the combination
S
(pure)
Ricci2 := SRicci2 −
64
3
Sscalar2 (2.41)
gives a pure Ricci curvature squared invariant without any scalar curvature squared
terms.
Remarkably one can write down an alternative invariant in a compact form that
also gives rise to a Ricci squared term
SΣ =
∫
d3|2z E
Σ
ϕ
, Σ := ∇a∇a∇2 1
ϕ
. (2.42)
The dimension-5
2
superfield Σ can be shown to be primary. Using eq. (2.27) one can
check that in the gauge (2.32) the invariant (2.42) contains the following curvature
squared contribution:
RabRab − 23
64
R2 . (2.43)
The relative coefficients between the Ricci squared and scalar curvature squared con-
tributions exactly coincides with that of the Ricci squared invariant constructed at
the bosonic level in [19]. The result thus appears to coincide with the Ricci squared
invariant in [20] up to the addition of a multiple of the S4 invariant. The form of the
curvature squared terms tells us that the invariant (2.42) may be expressed in terms
of a linear combination of the Ricci squared invariant SRicci2, the scalar curvature
squared invariant Sscalar2 and the S
4 invariant SS4.
There is another linear combination of SRicci2 and Sscalar2 that is worth mentioning.
Here we make use of the gauges (2.19) and (2.21), and define the following invariant
in conventional superspace
S
(YM)
Ricci2 := SRicci2 −
16
3
Sscalar2 . (2.44)
The reason for the superscript (YM) will become clear shortly. The form of the action
allows one to write it entirely in terms of the tensor Gαβγ = Gα(βγ), eq. (2.10), which
has the property DαGαβγ = 0. The action reads
S
(YM)
Ricci2 = −2
∫
d3|2z E GαβγGαβγ = 2
∫
d3|2z E tr {GαGα} , (2.45)
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where we have defined the Lorentz generator valued superfield Gα := GαβγMβγ . The
form of the action makes clear a striking connection with the N = 1 super Yang-Mills
action
SYM = 2
∫
d3|2z E tr {GαGα} , (2.46)
with Gα the field strength of a Yang-Mills multiplet which satisfies the divergenceless
condition DαGα = 0. Here Dα is the Yang-Mills group gauge covariant derivative.
The fact that an invariant containing a Ricci squared term may be made to re-
semble the Yang-Mills action is most significant from a component perspective. In
particular, in [6] the full component action for a supergravity invariant containing a
Ricci squared term was efficiently constructed in the gauge (2.32) by reducing the
problem to one of coupling a certain Yang-Mills multiplet to supergravity.10 The
procedure is equivalent to judiciously replacing the Yang-Mills multiplet component
fields with those of the component fields of Gαβγ , which transform as a Yang-Mills
multiplet (with a Lorentz group index) by virtue of DαGαβγ = 0. At the component
level one can check that the invariant contains the curvature squared contribution
RabRab − 14R2.
It is worth mentioning that although we imposed the gauge conditions (2.19) and
(2.21) it is straightforward to restore the compensator. One simply uses the action
S
(YM)
Ricci2 = −2
∫
d3|2z E ϕ4G αβγGαβγ , (2.47)
where
Gα
βγ = Cα
βγ +
4
3
δ(βα D
γ)
S . (2.48)
Although we have restricted our attention here to curvature squared invariants, our
approach makes it possible to generate locally supersymmetric functionals containing
higher powers of the curvature tensor and its covariant derivatives. All such invariants
are described by actions of the form (2.24) where T denotes the primary dimensionless
superfields (2.20). Among the descendants of (2.20), the following rank 3 symmetric
spinor
Wαβγ = −iD2Cαβγ − 2D(αβDγ)S − 8S Cαβγ (2.49)
plays a special role. It is related to the super-Cotton tensor [53], Wαβγ , by the rule
Wαβγ = ϕ
5
Wαβγ . (2.50)
10This is often referred to as the “Yang-Mills trick.”
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The super-Cotton tensor has been written in terms of ϕ to make clear how it is related
to the torsion components in conventional superspace. It should be kept in mind
that it is actually independent of the compensator ϕ. Given a curved superspace
background, it is conformally flat if and only if Wαβγ is equal to zero [28]. This
property explains the geometric meaning of the super-Cotton tensor. The super-
Cotton tensor contains the ordinary Cotton tensor as the component field ∇(αWβγδ)|
and obeys the equation [28]
∇γWαβγ = 0 . (2.51)
2.4 Models for massive supergravity
Using the invariants constructed in the previous section one can build models
for massive supergravity. The actions for these models are built out of a linear
combination of the supergravity invariants together with the action for conformal
supergravity. In this section we analyse the dynamical properties of such theories
and derive the necessary conditions for massive supergravity.
We begin by considering a general N = 1 supergravity model described by the
action
S = λScos +
1
κ
SSG + µ0SS3 + µ1SS4 + µ2Sscalar2 + µ3SRicci2 +
1
µ
SCSG , (2.52)
where SCSG denotes the N = 1 conformal supergravity action, eq. (2.9). In what
follows we will assume that µ3 ≥ 0 as in [19, 20].
It is an instructive exercise to derive the equations of motion in the theory with
action (2.52). Varying the action (2.52) with respect to the compensator ϕ leads to
the equation
0 = λ+
4
κ
S − iµ3C αβγCαβγ − µ1
2
S
3
+
i
4
µ0D
2
S + i
(3
8
µ1 − 3
2
µ2
)
D
2
S
2 +
iµ2
2
(DαS )DαS
+
(
µ2 − 8
3
µ3
)
D
a
DaS . (2.53)
There is no contribution proportional to 1/µ since the conformal supergravity ac-
tion is independent of the compensator. The equation of motion for the conformal
supergravity prepotential is
1
µ
Wαβγ + Tαβγ = 0 , (2.54a)
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where
ϕ−5Tαβγ =
1
κ
T
(SG)
αβγ + µ0T
(S3)
αβγ + µ1T
(S4)
αβγ + µ2T
(sca2)
αβγ + µ3T
(Ric2)
αβγ (2.54b)
with the right-hand side consisting of the following contributions:
T
(SG)
αβγ = −2Cαβγ , (2.54c)
T
(Sn)
αβγ =
n
16
(D(αβDγ) + 2Cαβγ)S
n−1 , (2.54d)
T
(sca2)
αβγ = 2(D(αS )Dβγ)S − i
4
(D(αβDγ) + 2Cαβγ)D
2
S , (2.54e)
T
(Ric2)
αβγ = −4DaDaCαβγ + 8i
3
D(αβDγ)D
2
S − 4iCαβγD2S + 4iS D2Cαβγ
+32S D(αβDγ)S + 12C(αβ
ρ
Dγ)ρS +
56
3
(D(αβS )Dγ)S
+
8
3
KαβγδD
δ
S − 16C(αδρKβγ)δρ + 12S 2Cαβγ . (2.54f)
Here we have denoted
Kαβγδ = iD(αCβγδ) . (2.55)
The equation of motion (2.54) can be obtained by using the results in appendix B,
which imply
δSCSG = i
∫
d3|2zEδΨαβγWαβγ , δ
(
S− 1
µ
SCSG
)
= i
∫
d3|2zEδΨαβγTαβγ . (2.56)
It is seen that (2.54) does not involve the cosmological constant λ. This is due to the
fact that the cosmological term (2.35) does not depend on the conformal supergravity
prepotential. It also follows from the analysis in appendix B that Tαβγ obeys the
conservation equation
∇γTαβγ = 0 (2.57)
provided the compensator is subject to its equation of motion (2.53).
By construction, the supergravity equations (2.53) and (2.54) are super-Weyl in-
variant. Upon imposing the gauge (2.19) and reducing to conventional superspace,
the local super-Weyl symmetry may be fixed by imposing the gauge
ϕ = 1 , (2.58)
which amounts to replacing DA → DA, Cαβγ → Cαβγ and S → S everywhere. The
super-Weyl invariance can always be restored by performing an inverse replacement.
The gauge condition (2.58) will be assumed in what follows.
17
The supergravity equations of motion have maximally supersymmetric solutions.
Maximally supersymmetric backgrounds are specified by the conditions
Cαβγ = 0 , S = const , (2.59)
which imply that the algebra of covariant derivatives (2.4) drastically simplifies
{Dα,Dβ} = 2iDαβ − 4iSMαβ , (2.60a)
[Dαβ ,Dγ] = −2εγ(αSDβ) , (2.60b)
[Da,Db] = −4S2Mab . (2.60c)
Such a superspace describes either anti-de Sitter geometry for S 6= 0 or a flat space-
time for S = 0.
Let us look for a maximally supersymmetric background (2.59) with S = S0 which
is a solution of the supergravity equations of motion. In this case we have
Wαβγ = Tαβγ = 0 , (2.61)
and therefore the equation (2.54a) is satisfied identically, while the equation on the
compensator, eq. (2.53), becomes algebraic
0 = λ+
4
κ
S0 − µ1
2
S30 . (2.62)
This cubic equation in S0 coincides with the one found in [19, 20]. The real solutions
of this equation (at least one real solution always exists) determine the maximally
supersymmetric solutions of the supergravity theory under consideration.
One may impose the constraint
µ2 =
8
3
µ3 , (2.63)
which reduces the dynamical system (2.52) to a six-parameter subclass of models. In
general this leads to a propagating scalar mode, which is eliminated in the case of
generalized massive supergravity (GMSG) via a further choice of coefficients. At the
component level one finds the equation of motion on the compensator to be
λ+
4
κ
S − 3µ0
2
S2 + (12µ2 − 5µ1)S3
= − 1
16
(
µ0 + (3µ1 − 12µ2)S
)
R + fermion terms , (2.64)
where we have used
D2S| = 6iS2 − i
4
R + fermion terms . (2.65)
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One can solve eq. (2.64) for S in terms of the scalar curvature R. At the bosonic level
this was worked out in [20] and leads to an action non-polynomial in R. It is worth
mentioning that although we have suppressed the fermionic terms for simplicity, it is
a straightforward exercise to recover them from eq. (2.53).
One may consider perturbations in the supergravity model (2.63) from the maxi-
mally supersymmetric solution:
S = S0 +∆S , Cαβγ = ∆Cαβγ . (2.66)
The equation of motion on the compensator becomes
0 = i
[µ0
4
+
(3
4
µ1 − 3µ2
)
S0
]
D2∆S +
[4
κ
− 3µ1
2
S20
]
∆S . (2.67)
When the coefficient for D2∆S in eq. (2.67) does not vanish,
µ0
4
+
(3
4
µ1 − 3µ2
)
S0 6= 0 , (2.68)
we have the equation
( i
2
D2 −m
)
∆S = 0 =⇒ (DaDa −m2)∆S = 0 , (2.69)
where m is given by
m = − 8− 3κµ1S
2
0
κ
(
µ0 + (3µ1 − 12µ2)S0
) . (2.70)
Hence in this case ∆S becomes propagating.
Instead of (2.68) we may impose the condition
µ0 + (3µ1 − 12µ2)S0 = 0 . (2.71)
and also assume that
4
κ
− 3µ1
2
S20 6= 0 . (2.72)
Then eq. (2.67) gives
∆S = 0 . (2.73)
Linearising the Bianchi identity (2.5) about the background chosen and taking into
account ∆S = 0, we obtain the divergenceless condition
Dγ∆Cαβγ = 0 =⇒ D2∆Cαβγ = 2iDαδ∆Cβγδ + 10iS0∆Cαβγ . (2.74)
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At this point it is worth remarking on a property of symmetric divergenceless
spinors in the AdS background (2.60) chosen. In general, given a symmetric rank-n
spinor, Tα1···αn = T(α1···αn), it holds that
DβTα1···αn−1β = 0 =⇒ DβD2Tα1···αn−1β = 0 . (2.75)
The linearised torsion ∆Cαβγ is an example of such a superfield. In particular, the
operator i
2
D2 preserves the divergenceless condition of ∆Cαβγ .
Using eq. (2.74), the supergravity equation of motion can be written in terms of
vector covariant derivatives as follows
µ3DaDa∆Cαβγ +
(
2µ3S0 − 1
2µ
)
Dαδ∆Cβγδ
+
[ 1
2κ
− 1
2µ
S0 −
( 3
32
µ0 − 7µ3
)
S20 −
1
8
µ1S30
]
∆Cαβγ = 0 . (2.76)
When µ3 6= 0 the equation of motion may be written in the following factorized form( i
2
D2 +m−
)( i
2
D2 −m+
)
∆Cαβγ = 0 , (2.77)
where the constants m+ and m− are such that
m+m− = − 1
2µ3
[1
κ
+
4
µ
S0 − 3
( 1
16
µ0 − 8µ3
)
S20 −
µ1
4
S30
]
, (2.78a)
m+ −m− = 8S0 + 1
2µ3µ
. (2.78b)
The constants m+ and m− are real when the following inequality is satified:
1
κ
− 1
8µ3µ2
−
( 3
16
µ0 + 8µ3
)
S20 −
µ1
4
S30 ≤ 0 . (2.79)
The supergravity equations of motion have massive solutions in a number of cases.
For instance, generalized massive supergravity [19, 20] is characterised by a negative
Einstein-Hilbert term, κ < 0, while the case of new topologically massive supergravity
[19, 20] is characterized by κ → ∞. Furthermore, new massive supergravity occurs
in the case µ3 6= 0 and µ→∞. In this case it is straightforward to verify that about
a Minkowski background (S0 = 0) we have the massive equation
(∂a∂a − m˜2)∆Cαβγ = 0 , m˜2 := m+m− = − 1
2µ3κ
, (2.80)
where m˜ is real for a negative Einstein-Hilbert term, κ < 0.
In the case when µ3 = 0 and µ is finite we have the equation( i
2
D2 − mˆ
)
∆Cαβγ = 0 , (2.81)
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where mˆ is given by
mˆ = −
(µ
κ
+ 4S0 − 3µ0µ
16
S30 −
µµ1
4
S30
)
. (2.82)
About a Minkowski background it is straightforward to verify that
(∂a∂a − mˆ2)∆Cαβγ = 0 . (2.83)
Note that when µ0 = µ1 = 0 the above coincides with topologically massive super-
gravity.
We have reduced the supergravity models to those considered in [19, 20]. The
analysis of unitarity for such theories may be carried out as in [19, 20].
3 N = 2 supergravity models with a chiral com-
pensator
All known off-shell formulations for 3D N = 2 supergravity [31, 27] can be formu-
lated in conventional superspace with structure group SL(2,R)×U(1)R. This curved
superspace M3|4 is parametrised by local bosonic (xm) and fermionic (θµ, θ¯µ) coordi-
nates zM = (xm, θµ, θ¯µ), where the Grassmann variables θ
µ and θ¯µ are related to each
other by complex conjugation: θµ = θ¯µ.
3.1 Conventional superspace
The covariant derivatives of conventional N = 2 superspace DA = (Da,Dα, D¯α)
have the form
DA = EA − ΩA − i ΦAJ , (3.1)
with J the R-symmetry generator acting on the covariant derivatives as follows:
[J,Dα] = Dα , [J, D¯α] = −D¯α , [J,Da] = 0 . (3.2)
In order to describe N = 2 conformal supergravity, the torsion has to obey the
covariant constraints proposed in [36]. The resulting algebra of covariant derivatives
is [27, 31]
{Dα,Dβ} = −4R¯Mαβ , (3.3a)
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{Dα, D¯β} = −2i(γc)αβDc − 2CαβJ − 4iεαβSJ + 4iSMαβ − 2εαβCγδMγδ , (3.3b)
[Da,Dβ] = iεabc(γb)βγCcDγ + (γa)βγSDγ − i(γa)βγR¯D¯γ + i(γa)βγD(γCδρ)M δρ
−1
3
(2DβS + iD¯βR¯)Ma − 2
3
εabc(γ
b)β
α(2DαS + iD¯αR¯)M c
+
i
2
(
(γa)
αγD(αCβγ) + 1
3
(γa)β
γ(8iDγS − D¯γR¯)
)
J , (3.3c)
where the U(1)R charges of the torsion superfields R, R¯ and Cαβ are −2, +2 and 0,
respectively. They also satisfy the Bianchi identities
DαR¯ = 0 , DβCαβ = −1
2
(D¯αR¯+ 4iDαS) . (3.4)
The algebra of covariant derivatives given by (3.3) does not change under the
super-Weyl transformation [27, 31]
D′α = e 12σ
(
Dα +DγσMγα −DασJ
)
, (3.5a)
D′a = eσ
(
Da − i
2
(γa)
γδDγσD¯δ − i
2
(γa)
γδD¯γσDδ + εabcDbσM c
− i
2
(Dγσ)D¯γσMa − i
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(γa)
γδe−3σ[Dγ , D¯δ]e3σJ
)
, (3.5b)
which induces the following transformation of the torsion tensors:
S ′ = eσ
(
S + i
4
DγD¯γσ
)
, (3.5c)
C′a =
(
Ca + 1
8
(γa)
γδ[Dγ , D¯δ]
)
eσ , (3.5d)
R′ = −1
4
e2σ(D¯2 − 4R)e−σ . (3.5e)
Here the parameter σ is an arbitrary real scalar superfield and we have defined D2 :=
DαDα and D¯2 := D¯αD¯α. The super-Weyl invariance (3.5) is intrinsic to conformal
supergravity. For every supergravity-matter system, its action is required to be a
super-Weyl invariant functional of the supergravity Weyl multiplet coupled to certain
conformal compensators, see [27, 31] for more details.
There exists an important super-Weyl invariant descendent of the torsion compo-
nents Cαβ and S that is worth mentioning. Using the above super-Weyl transformation
laws, one can check that the following real vector superfield [63]
Wαβ = − i
4
[Dγ, D¯γ]Cαβ + 1
2
[D(α, D¯β)]S + 2SCαβ (3.6)
transforms homogeneously,
W ′αβ = e2σWαβ . (3.7)
22
The superfield is the N = 2 super-Cotton tensor and it vanishes if and only if the
curved superspace is conformally flat [28]. Using the Bianchi identities one can find
the following equivalent form for the super-Cotton tensor [17]:
Wa = −1
2
(γa)
αβWαβ = 1
4
(γa)
αβ [D(α, D¯β)]S − εabcDbCc − 2SCa . (3.8)
The covariant derivative algebra of conformal superspace is expressed entirely in terms
of the super-Cotton tensor, see appendix A.
3.2 Type I minimal supergravity in conventional superspace
Type I minimal supergravity makes use of two compensators, a covariantly chiral
scalar Φ and its conjugate Φ¯. The chiral compensator is defined to be nowhere
vanishing, have U(1)R charge equal to −1/2,
D¯αΦ = 0 , JΦ = −1
2
Φ , (3.9)
and possess the super-Weyl transformation law
Φ′ = e
1
2
σΦ . (3.10)
In general, the U(1)R charge of a chiral scalar and its super-Weyl weight are equal in
magnitude and opposite in sign [27].
The freedom to perform the super-Weyl and local U(1)R transformations allows
us to choose a gauge Φ = 1, which implies the consistency conditions
S = 0 , Φα = 0 , Φa = −Ca . (3.11)
This reduces the structure group from SL(2,R) × U(1)R to its subgroup SL(2,R).
Instead of imposing the gauge condition Φ = 1 (which completely fixes the super-
Weyl and local U(1)R freedom), it is more convenient to partially fix the super-Weyl
and local U(1)R symmetry by imposing only the conditions (3.11). The residual
super-Weyl and local U(1)R symmetry is described by transformations which are
parametrised in terms of a covariantly chiral scalar parameter λ, D¯αλ = 0, and have
the form [31]
D′α = e 12 (3λ¯−λ)
(
Dα +DγλMγα
)
, (3.12a)
D˜′a = eλ+λ¯
(
D˜a − i
2
(γa)
αβDαλD¯β − i
2
(γa)
αβD¯αλ¯Dβ
+ εabcD˜b(λ+ λ¯
)
M c − i
2
(Dγλ)D¯γλ¯Ma
)
, (3.12b)
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where we have introduced the operator D˜a := Da − iCaJ . The covariant derivatives
(D˜a,Dα, D¯α) do not contain any U(1)R connection and obey the algebra
{Dα,Dβ} = −4R¯Mαβ , (3.13a)
{Dα, D¯β} = −2i(γc)αβD˜c − 2εαβCγδMγδ . (3.13b)
The above partially gauge fixed geometric setting is completely suitable to describe
type I supergravity and its matter couplings. However, it is not an ideal formalism
for reducing the supergravity actions to components. From the point of view of
component reduction, it is advantageous to make use of a supergravity formulation
with a larger gauge group than that of conventional superspace. Such a framework
is provided by the N = 2 conformal superspace developed in [28]. Its important
features are: (i) it is well adapted to reducing off-shell supergravity-matter actions
to components; and (ii) conventional superspace is a gauge fixed version of conformal
superspace. The salient details of N = 2 conformal superspace are given in appendix
A. Below we show how to describe type I supergravity in this setting.
3.3 The superconformal setting for type I supergravity
In conformal superspace, the compensator is a primary nowhere vanishing chiral
superfield Φ of dimension 1/2,
∇¯αΦ = 0 , KAΦ = 0 , DΦ = 1
2
Φ . (3.14)
The chirality of Φ fixes its U(1)R charge, JΦ = −DΦ. We define the component fields
of Φ as follows:
φ := Φ| , ζα := ∇αΦ| , M¯ = −1
4
∇2Φ| . (3.15)
Similar to the N = 1 case, one can use the compensator Φ to introduce dimen-
sionless and U(1)R neutral covariant derivatives, DA = (Da,Dα, D¯
α), that take every
primary superfield to a primary one. They are defined by
Dα :=
√
Φ
Φ¯3
(
∇α −∇β ln ΦMαβ +∇α ln ΦJ −∇α ln ΦD
)
, (3.16a)
Da := − i
4
(γa)
αβ{Dα, D¯β} . (3.16b)
One can explicitly check that
DAΦ = 0 , (3.17)
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which tells us that when acting on primary superfields the graded commutator [DA,DB}
contains no U(1)R curvature.
When acting on primary superfields the operators DA satisfy the algebra
{Dα,Dβ} = −4R¯Mαβ , {D¯α, D¯β} = 4RMαβ , (3.18a)
{Dα, D¯β} = −2iDαβ − 2εαβC γδMγδ , (3.18b)
where we have introduced the primary superfields
R := − 1
4Φ3
∇¯2Φ¯ , (3.19a)
Cαβ := −1
4
[∇(α, ∇¯β)]
( 1
ΦΦ¯
)
, (3.19b)
which are dimensionless and U(1)R neutral. The algebra of covariant derivatives
(3.18) formally coincides with (3.13).
We can relate the superconformal framework to the one of conventional superspace
by gauge fixing the additional symmetries. We can use the conformal boosts and S-
supersymmetry transformations to impose the gauge condition
BA = 0 , (3.20)
which degauges conformal superspace to conventional superspace [28]. The compos-
ites (3.19) become the following super-Weyl invariant objects
Cαβ = −1
4
(
[D(α, D¯β)]− 4Cαβ
) 1
ΦΦ¯
, (3.21a)
R = − 1
4Φ3
(D¯2 − 4R)Φ¯ , (3.21b)
while the super-Cotton tensor of conformal superspace Wαβ coincides with (3.6).
Upon imposing the additional gauge condition
Φ = 1 , (3.22)
the composites (3.19) coincide with the torsion components R and Cαβ .
It is also worth mentioning that one can use the compensator to construct super-
Weyl invariant covariant derivatives D(Φ)A in conventional superspace as follows:
D(Φ)α =
√
Φ
Φ¯3
(
Dα −Dβ ln ΦMαβ +Dα ln ΦJ
)
, (3.23a)
D(Φ)a = −
i
4
(γa)
αβ{D(Φ)α ,D(Φ)β } . (3.23b)
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It can be checked that these covariant derivatives satisfy the same algebra as (3.18).
Unlike the operators DA, eq. (3.16), they do not annihilate the compensator Φ.
Many supergravity models may be constructed as integrals over N = 2 superspace
of the form
S =
∫
d3|4z E L , (3.24)
where L is a real primary superfield of dimension 1. One can also use the chiral action
principle
Sc =
∫
d3|2zc E Lc , d3|2zc := d3xd2θ , (3.25)
where Lc is a primary chiral scalar of dimension 2 and E denotes the chiral density11.
Every action (3.24) can be rewritten as a chiral action because of the relation [27]∫
d3|4z E L = −1
4
∫
d3|2zc E ∇¯2Lc . (3.26)
The chiral action can be reduced to components using the component reduction for-
mula [17, 18]
Sc = −1
4
∫
d3x e
[∇2 − 2i(γa)αβψ¯aα∇β − 2εabc(γa)αβψ¯bαψ¯cβ]Lc| , (3.27)
where ψa
β = ea
mψm
β and ψ¯a
β = ea
mψ¯m
β denote the gravitini. The component fields
of the Weyl multiplet were defined in [29]. The vielbein em
a, the gravitini ψm
α and
ψ¯m
β, the U(1)R gauge field Vm and the dilatation gauge field bm are defined as the
lowest components of their corresponding superforms,
em
a := Em
a| , ψmα := 2Emα| , Vm := Φm| , bm := Bm| . (3.28)
At the component level we will be mainly concerned with bosonic fields.
Using the above results one can construct general actions of the form
S =
∫
d3|4z E ΦΦ¯L(T ,DT , · · · ) , (3.29)
where L is a dimensionless superfield constructed out of the torsion components T
and their covariant derivatives DA. As for N = 1, we will focus on actions that in
components involve at most curvature squared terms.
To fix the additional symmetries in our invariants one can make use of the gauge
conditions (3.20) and (3.22) which correspond to the following conditions at the com-
ponent level
φ = 1 , ζα = 0 , bm = 0 . (3.30)
11The explicit expression for E in terms of the supergravity prepotentials is given in [63].
26
The first condition fixes the dilatations and U(1)R transformations, the second fixes
the S-supersymmetry transformations and the last fixes the conformal boosts.
Some useful results for identifying curvature terms in the actions we construct are
given below with the gauge conditions (3.30) (compare with (2.27)):
✷φ =
1
8
R + fermion terms , (3.31a)
✷
2 1
φ
= RabRab − 23
64
R2 − 1
8
DaDaR + fermion terms , (3.31b)
where we have defined
✷φ := ∇a∇aΦ| , (3.32a)
✷
2 1
φ
:= ∇a∇a∇b∇b 1
Φ
| (3.32b)
and introduced the covariant derivative
Da = ea
m
(
∂m − 1
2
ωm
bcMbc − iVmJ − bmD
)
. (3.33)
3.4 Supergravity invariants
In this subsection we construct supergravity invariants in superspace by making
use of the composites (3.19).
3.4.1 The supergravity action
The type I minimal supergravity action with a cosmological term was given in
[17] in conventional superspace. It is straightforward to lift the action to conformal
superspace and is given by
S =
1
κ
SSG + (λScos + c.c.) , (3.34)
where
SSG = −4
∫
d3|4z E Φ¯Φ , (3.35)
Scos =
∫
d3|2z E Φ4 (3.36)
and λ is the cosmological constant, which can be complex in general. The above
action contains the Einstein-Hilbert term, −1
2
R, since one finds the term −4φ✷φ¯
at the component level in the action. The detailed component analysis for type I
supergravity can be found in [17].
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3.4.2 The RMn invariants
A locally supersymmetric invariant containing a RMn term is given by
SRMn =
∫
d3|4z E ΦΦ¯Rn =
∫
d3|2z E Rn+1Φ4 . (3.37)
The corresponding invariant at the component level contains a term proportional to(
M/φ3
)n
φ✷φ¯, which upon gauge fixing gives rise to the term
(n+ 1)
8
RMn . (3.38)
The component action at the bosonic level was explicitly given in [22].
3.4.3 The scalar curvature squared invariant
A scalar curvature squared invariant is described by
Sscalar2 = −4
∫
d3|4z E ΦΦ¯RR¯ = −1
4
∫
d3|4z E
1
(ΦΦ¯)2
(∇2Φ)∇¯2Φ¯ . (3.39)
One can show that the above invariant will involve a term proportional to 1/(φφ¯)2✷φ✷φ¯,
which gives rise to the scalar curvature squared term − 1
16
R2 at the component level.
One can check that the action also contains a |M |4 term. At the component level the
explicit bosonic action was explicitly given in [22].
3.4.4 The Ricci curvature squared invariant
An invariant containing a Ricci squared term is given by
SRicci2 = 4
∫
d3|4z E ΦΦ¯C αβCαβ . (3.40)
The above action also can be seen to contain a scalar curvature squared term at the
component level by making use of the results in [17]. It therefore makes sense to
introduce the one parameter family of invariants
Sζ = 4
∫
d3|4z E ΦΦ¯
(
C
αβ
Cαβ + ζRR¯
)
, (3.41)
where ζ parametrizes the scalar curvature squared contribution.
It should be mentioned that an alternative invariant containing a Ricci curvature
squared term may be constructed and is given by
SΞ = −1
8
∫
d3|2zc E Ξ
Φ
+ c.c. , (3.42)
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where we have defined
Ξ = ∇a∇a∇¯2 1
Φ¯
= ∇a∇¯2∇a 1
Φ¯
= ∇¯2∇a∇a 1
Φ¯
. (3.43)
Remarkably, one can check that the superfield Ξ is both chiral and primary. It
corresponds to the dimension 5/2 composite constructed at the bosonic level in [22].
The fermionic terms may be recovered by straightforward component reduction of
our result. It is also worth noting that the invariant (3.42) can be written in terms
of the conventional superspace formulation of [27] as follows:
SΞ = −1
4
∫
d3|4z E
{ 1
Φ
DαβDαβ 1
Φ¯
+
11CαβCαβ
4ΦΦ¯
+
6RR¯
ΦΦ¯
+ 8Cαβ
(
Dα 1
Φ
)
D¯β 1
Φ¯
− 8i
Φ2Φ¯
CαβDαβ 1
Φ¯
− 13i
Φ
CαβDαβ 1
Φ¯
− 6S
2
ΦΦ¯
− 3i
2ΦΦ¯
DαβCαβ + 9R¯
2Φ
D¯2 1
Φ¯
− 6i
ΦΦ¯
DαD¯αS − 6R¯Φ¯
2
Φ2
(
D¯α 1
Φ¯
)
D¯α 1
Φ¯
}
+ c.c. (3.44)
Note that in the gauge where Φ = 1 we have
S = 0 , DαβΦ = − i
2
Cαβ (3.45)
and the action (3.44) simply becomes
SΞ = 4
∫
d3|4z E
(
CαβCαβ − 3
4
RR¯
)
. (3.46)
It follows that the action (3.42) coincides with S−3/4.
Upon reducing to components and imposing the gauge conditions (3.20) and
(3.22), the action (3.46) gives rise to the following combination of Ricci and scalar
curvature squared terms:
RabRab − 23
64
R2 . (3.47)
A pure Ricci curvature squared invariant can be identified and is simply given by
S
(pure)
Ricci2 = S5 = 4
∫
d3|4z E ΦΦ¯
(
C
αβ
Cαβ + 5RR¯
)
. (3.48)
In the above we have restricted our attention to curvature squared terms. However,
our approach naturally provides a means to address locally supersymmetric function-
als containing higher powers of the curvature tensor and its covariant derivatives.
One can simply consider other actions of the form (3.29), which involves covariant
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derivatives of the primary superfields (3.19). Amongst the descendants of (3.19) it is
worth mentioning the following rank 2 symmetric spinor
Wαβ = − i
4
[Dγ , D¯γ]Cαβ . (3.49)
which is related to the super-Cotton tensor Wαβ by the rule
Wαβ = (ΦΦ¯)
2
Wαβ . (3.50)
The super-Cotton tensor is independent of the compensator Φ and satisfies the con-
dition
∇βWαβ = 0 . (3.51)
3.5 Models for massive supergravity
The invariants in the previous section are useful building blocks in the construc-
tion of massive supergravity. In this section we analyse the dynamics of a general
supergravity model and determine the conditions in which we have massive super-
gravity.
We consider the supergravity model12
S =
1
κ
SSG+µ2Sscalar2 +µ3SRicci2 +
1
µ˜
SCSG+
(
λScos+µ0SM3 +µ1SM4+c.c.
)
. (3.52)
Here λ, µ0 and µ1 are allowed to be complex in general. The action for N = 2
conformal supergravity, SCSG, was originally constructed in [33]. Within the confor-
mal superspace approach [28], its construction was given in [29]. In what follows we
assume µ3 ≥ 0 as in [22].
Varying the action (3.52) with respect to the compensator Φ leads to the equation
of motion
0 = 4λ− 4
κ
R − 2µ0R2 − 1
2
µ¯0(D¯
2 − 4R)R¯ − 5µ1R3 − 3
4
µ¯1(D¯
2 − 4R)R¯2
+
1
4
(µ3 − µ2)(D¯2 − 4R)(D2 − 4R¯)R + (µ3 − 2µ2)R(D¯2 − 4R)R¯
−2µ3(D¯2 − 4R)(C aCa) . (3.53)
As in the N = 1 case there is no contribution proportional to µ˜−1 since the conformal
supergravity action is independent of the compensator. The equation of motion for
the conformal supergravity prepotential is
1
µ
Wαβ + Tαβ = 0 , (3.54)
12The class of supergravity models considered here is more general than those considered in [22]
because we have allowed some of the coupling constants to be complex.
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where µ is related to µ˜ by a multiplicative constant and the supercurrent Tαβ is
(ΦΦ¯)−2Tαβ =
1
κ
T
(SG)
αβ + µ2T
(sca2)
αβ + µ3T
(Ric2)
αβ
+
(
µ0T
(M3)
αβ + µ1T
(M4)
αβ + c.c.
)
, (3.55)
where
T
(SG)
αβ = −1
2
Cαβ , (3.56a)
T
(Mn+2)
αβ = −n + 1
8
(
[D(α, D¯β)] + 4Cαβ
)
R
n , (3.56b)
T
(sca2)
αβ = −1
8
(
[D(α, D¯β)] + 4Cαβ
)(
(D2 − 4R¯)R + (D¯2 − 4R)R¯ − 4RR¯
)
−2(D(αR)D¯β)R¯ , (3.56c)
T
(Ric2)
αβ =
i
2
[Dδ, D¯δ]Wαβ − 1
8
[D(α, D¯β)](D
2
R + D¯2R¯) +
3
2
[D(α, D¯β)](C
γδ
Cγδ)
+
5
6
Cαβ(D
2
R + D¯2R¯) + 2iC γδ(D¯(αCβγδ) + D(αC¯βγδ))
+
2i
3
(
D¯
γ
R¯
)
Cαβγ +
2i
3
(
D
γ
R
)
C¯αβγ +
20
9
(
D(αR
)
D¯β)R¯
+2CαβC
γδ
Cγδ − 8C(αγδC¯β)γδ − 8CαβRR¯ . (3.56d)
Here we have defined
Cαβγ = −iD(αCβγ) . (3.57)
One can check the supergravity equation of motion (3.54) by making use of the results
for the deformation of the prepotential in appendix C, which imply
δSCSG =
∫
d3|4zEδHαβWαβ , δ
[
S − 1
µ˜
SCSG
]
=
∫
d3|4zEδHαβTαβ . (3.58)
The supercurrent Tαβ obeys the conservation equation
∇βTαβ = 0 (3.59)
when the compensator obeys its equation of motion (3.53).
The supergravity equations (3.53) and (3.54) are automatically super-Weyl invari-
ant. Upon imposing the gauge (3.20) and reducing to conventional superspace, the
local super-Weyl and U(1)R symmetries may be fixed by imposing the gauge
Φ = 1 . (3.60)
This is equivalent to making the replacements DA → DA, Cαβ → Cαβ and R →
R everywhere. The super-Weyl invariance can be restored by making the inverse
replacement. In what follows we will assume the gauge condition (3.60).
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We are interested in maximally supersymmetric solutions of the supergravity equa-
tions of motion. In type I supergravity backgrounds, all maximally supersymmetric
backgrounds [17, 60] are characterised by dimension-1 torsion superfields under the
following constraints
S = 0 , RCa = 0 , DAR = 0 , DACb = 0 . (3.61)
The complete algebra of covariant derivatives is
{Dα,Dβ} = −4R¯Mαβ , (3.62a)
{Dα, D¯β} = −2i(γc)αβ
(
Dc − iCcJ
)
+ 4εαβCcMc , (3.62b)
[Da,Dβ] = iεabc(γb)βγCcDγ − i(γa)βγR¯D¯γ , (3.62c)
[Da,Db] = 4εabc
(
CcCd + δcdR¯R
)
Md . (3.62d)
The equations of motion (3.53) and (3.54) simplify significantly for maximally
supersymmetric backgrounds where we have the conditions
Ca = 0 , R = R0 = const . (3.63)
In this case the supercurrent and super-Cotton tensor vanish,
Tαβ =Wαβ = 0 , (3.64)
which means that (3.54) is identically satisfied while the equation on the compensator
reduces to
0 = 4λ− 4
κ
R0 − 2µ0R20 + 2µ¯0R0R¯0 − 5µ1R30 + 3µ¯1R0R¯20 + 4µ2R20R¯0 . (3.65)
We now consider perturbations in the model (3.52) about the maximally super-
symmetric solution:
R = R0 +∆R , Cαβ = ∆Cαβ . (3.66)
The equation of motion on the compensator becomes
0 =
(
− 4
κ
− 4µ0R0 + 2µ¯0R¯0 − 15µ1R20 + 3µ¯1R¯20 + 8µ2R0R¯0
)
∆R
+
(
2R0(µ¯0 + 3µ¯1R¯0) + 4µ2R20
)
∆R¯
+
(
− 1
2
(µ¯0 + 3µ¯1R¯0)− µ2R0
)
D¯2∆R¯
+(µ2 − µ3)R0D2∆R− 1
4
(µ2 − µ3)D¯2D2∆R . (3.67)
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Thus we see that ∆R is propagating in general. However one can simplify the equation
of motion (3.67) by turning it into an algebraic one by setting
µ2 = µ3 , (3.68a)
0 = µ¯0 + 3µ¯1R¯0 + 2µ2R0 . (3.68b)
The generic case is characterized by the condition
1
κ
+
3
4
(µ1R20 + µ¯1R¯20)− 3µ2|R0|2 6= 0 , (3.69)
which requires ∆R = ∆R¯ = 0. Then the supergravity equation of motion reduces to
− µ3
8
[Dγ, D¯γ][Dδ, D¯δ]∆Cαβ + i
4µ
[Dγ, D¯γ]∆Cαβ
+
( 1
2κ
− 3
2
µ1R20 −
3
2
µ¯1R¯20
)
∆Cαβ = 0 , (3.70)
which gives
µ3DbDb∆Ca + 1
2µ
εabcDb∆Cc +
( 1
4κ
+ 8µ3|R0|2 − 3
4
(µ1R20 + µ¯1R¯20)
)
∆Ca = 0 . (3.71)
By linearizing the Bianchi identity (3.4) about the background chosen one can see
that ∆Cαβ is divergenceless Dβ∆Cαβ = 0.
In general for a symmetric spinor Tα1···αn = T(α1···αn) that is divergenceless,
DαTαα1···αn−1 = 0 , (3.72)
one can check the following identity holds in the background chosen
DβDγD¯γTα1···αn−1β = D¯βDγD¯γTα1···αn−1β = 0 . (3.73)
This implies that the operator i
2
DγD¯γ preserves the divergenceless condition of the
superfield ∆Cαβ .
In the case µ3 6= 0 we may write the equation of motion in the following factorized
form ( i
2
DγD¯γ +m−
)( i
2
DδD¯δ −m+
)
∆Cαβ = 0 , (3.74)
where
m+ −m− = − 1
2µµ3
, (3.75a)
m+m− = − 1
4µ3
(1
κ
− 3µ1R20 − 3µ¯1R¯20
)
. (3.75b)
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The constants m+ and m− are real for
1
4µ2µ3
≥
(1
κ
− 3µ1R20 − 3µ¯1R¯20
)
. (3.76)
The supergravity model (3.52) leads to massive supergravity for different choices of
parameters. For instance, we can see from eq. (3.76) that in a Minkowski background
with µ3 > 0 and µ =∞ we must have either a negative Einstein-Hilbert term (κ < 0)
or no Einstein Hilbert term (κ→∞) for massive supergravity.
In the case where µ3 = 0 and µ is finite we have the equation
( i
2
DγD¯γ − mˆ
)
∆Cαβ = 0 , (3.77)
where mˆ is given by
mˆ = −µ
(1
κ
− 3
2
µ1R20 −
3
2
µ¯1R¯20
)
. (3.78)
When µ0 = µ1 = 0 we have topologically massive supergravity.
One should note that the supergravity model (3.52) is more general than the one
considered in [22] since the model contains 9 real free parameters.13 This leads to an
important consequence. In contrast to [22] we have shown that we can eliminate the
degrees of freedom associated with the torsion superfield R in any AdS background
satisfying eq. (3.65) that otherwise propagates since R is coupled to a product of
propagating fields. Its elimination can be seen to coincide with removing the con-
tribution from the R(M + M¯)2 and R(M − M¯)2 terms in the component action to
the linearized equation of motion. These terms contribute to highly non-linear inter-
actions upon imposing the equation of motion on M . In [22] the R(M + M¯)2 term
was eliminated by a choice of constraints, which coincides with µ0 = 0, eq. (3.68a)
and µ1 = −23µ2. Imposing these constraints and expanding about a background with
R0 = R¯0 we see that (3.68b) is identically satisfied and one recovers the factorisation
(3.73). However, it is important to note that the factorisation holds for the model
defined by the constraints (3.68a) and (3.68b) about any AdS background satisfying
eq. (3.65).
It is worth mentioning that there exists other type I maximally supersymmetric
backgrounds [17] defined by the conditions
R = 0 , Ca = const . (3.79)
13The cosmological constant can be made to be real via a rescaling of the chiral compensator,
Φ(z)→ eiαΦ(z).
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In this case the equation on the compensator reduces to
λ = 0 , (3.80)
while the supergravity equation of motion fixes C2 := CaCa as follows
C2 = 1
8κµ3
. (3.81)
We do not discuss linearization about this background here.
4 N = 2 supergravity models with a real linear
compensator
The N = 2 conventional superspace formulation was presented in the previous
section where it was also shown how to describe type I minimal supergravity with the
use of a chiral compensator and its conjugate. Type II minimal supergravity, which
makes use of a real linear compensator, can be described similarly with conventional
superspace. In this section we show how to do this and generalise the geometric
framework to a superconformal setting.
4.1 Type II minimal supergravity in conventional superspace
Type II minimal supergravity makes use of a real linear compensator G. The
compensator G is defined to be nowhere vanishing and satisfy the following constraint
(D2 − 4R¯)G = 0 . (4.1)
The superfield G transforms homogeneously under super-Weyl transformations,
G′ = eσG . (4.2)
Since G is nowhere vanishing the super-Weyl transformations permit us to choose
a gauge where G = 1, which leads to the consistency condition
R = 0 . (4.3)
We may refer to the superspace subject to the above conditions as type II geometry.
Supergravity models constructed with type II geometry are often referred to as N =
(2, 0) supergravity or type II supergravity. Imposing only the conditions (4.3) and
keeping in mind eq. (3.5e), one can see that the residual gauge transformations are
generated by the superfield σ subject to the constraint
D2e−σ = 0 . (4.4)
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4.2 The superconformal setting
Type II geometry can be used to describe type II supergravity and its matter
couplings. However, as mentioned in previous sections, it is advantagous to make
use of conformal superspace from the point of view of component reduction. The
more general framework can always be reduced to conventional superspace. Below
we elucidate the description of type II supergravity in this setting.
4.2.1 The real linear compensator
In conformal superspace, the real linear compensator G is a primary nowhere
vanishing scalar superfield of dimension 1,
∇2G = 0 , DG = G , KAG = 0 . (4.5)
The constraint (4.5) allows us to express G in terms of a prepotential V as follows:
G = i∇α∇¯αV , (4.6)
where V possesses the gauge transformations
δV = Λ + Λ¯ , ∇¯αΛ = 0 , (4.7)
with the gauge parameter Λ being an arbitrary covariantly chiral dimensionless scalar.
One can associate with V a gauge one-form V = EAVA describing the vector
multiplet. Modulo an exact one-form, we can choose the components of V as follows:
Vα = i∇αV , V¯α = −i∇¯αV , Va = −1
2
(γa)
αβ[∇α, ∇¯β]V . (4.8)
The corresponding gauge-invariant field strength is simply given by F = dV . In the
complex basis the field strength is
F = E¯β ∧ EαFαβ + Eβ ∧ EaFaβ + E¯β ∧ EaF¯aβ + 1
2
Eb ∧ EaFab , (4.9)
where
Fαβ = −2εαβG , (4.10a)
Faβ = i(γa)β
γ∇γG , (4.10b)
F¯aβ = −i(γa)βγ∇¯γG , (4.10c)
Fab =
1
4
εabc(γ
c)γδ[∇γ , ∇¯δ]G . (4.10d)
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One can use G to construct dimensionless covariant derivatives that preserve the
primary property of superfields. They are given by
Dα = G
− 1
2
(
∇α − (∇β lnG)Mαβ + (∇α lnG)J − (∇α lnG)D
)
, (4.11a)
Da = − i
4
(γa)
αβ{Dα, D¯β}+ iCaJ + 2SMa , (4.11b)
where we have defined
S := − i
4G
∇γ∇¯γ lnG , (4.12a)
Cαβ := −1
4
[∇(α, ∇¯β)] 1
G
. (4.12b)
One can check that G is covariantly constant with respect to DA. Furthermore, on
primary superfields the covariant derivatives DA satisfy the algebra
{Dα,Dβ} = 0 , (4.13a)
{Dα, D¯β} = −2iDαβ − 4iεαβS J + 4iSMαβ − 2εαβC γδMγδ , (4.13b)
which formally coincides with the algebra (3.3) with R = R¯ = 0.
General supergravity invariants may be realized in the form
S =
∫
d3|4z E GL(G,T ,DT ,D2T , · · · ) , (4.14)
where L is a dimensionless superfield constructed out of the torsion components T ,
their covariant derivatives and the compensator G.
We can relate the superconformal framework to the one of conventional superspace
by gauge fixing the additional symmetries. We can use the conformal boosts and S-
supersymmetry transformations to impose the gauge condition
BA = 0 , (4.15)
which degauges conformal superspace to conventional superspace. The composites
(4.12) become the following super-Weyl invariant objects
S := − i
4G
(
DγD¯γ lnG + 4iS
)
, (4.16a)
Cαβ := −1
4
(
[D(α, D¯β)]− 4Cαβ
) 1
G
. (4.16b)
Upon imposing the additional gauge condition
G = 1 , (4.17)
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the composites Cαβ and S can be seen to coincide with the torsion components Cαβ
and S, respectively.
It is worth mentioning that one can use the compensator to construct super-Weyl
invariant covariant derivatives D(G)A in conventional superspace as follows:
D(G)α = G−
1
2
(
Dα − (Dβ lnG)Mαβ + (Dα lnG)J
)
, (4.18a)
D(G)a = −
i
4
(γa)
αβ{D(G)α , D¯(G)β }+ iCaJ + 2SMa , (4.18b)
where Ca and S are given by eqs. (4.16). It can be checked that these covariant
derivatives satisfy the same algebra as (4.13). Unlike the operators DA, eq. (4.11),
they do not annihilate the compensator G.
It is worth noting that GS turns out to be proportional to the composite linear
multiplet14
G := i∇γ∇¯γ ln
( G
ΦΦ¯
)
= i∇γ∇¯γ lnG , (4.19)
where Φ is an arbitrary dimension 1/2 chiral superfield. The composite G will be
useful in the construction of supergravity invariants.
It should be mentioned that one can construct other composite multiplets by
simply choosing the prepotential V of a linear multiplet to be built out of G. It is
also possible to engineer composite linear multiplets with the use of a number of real
linear multiplets GI.15 For example, we can construct the following composite linear
superfields:
GA = i∇γ∇¯γA(GI) , GB = i∇γ∇¯γ ln
[B(GI)
ΦΦ¯
]
, (4.20)
where A is a real homogeneous function of GI of degree zero and B is a real homoge-
neous function of GI of degree 1,16
GI
∂
∂GI
A = 0 , GI ∂
∂GI
B = B . (4.21)
We will not make use of the composites GA and GB in what follows.
4.2.2 The BF action
One can perform component reduction of superspace integrals by reducing to a
chiral subspace and making use of the component reduction formula (3.27). However,
14This composite first appeared explicitly in conventional superspace in [17].
15Models with a number of real linear multiplets were considered in [31].
16The composite vector multiplets constructed in [22] coincide with B = CIJGIGJ with CIJ a
homogeneous function of GI of degree -1, GI ∂
∂GI
CJK = −CJK.
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many of our type II supergravity invariants can be conveniently rewritten as a BF
term for a composite linear multiplet. The locally supersymmetric BF action can be
written as
SBF =
∫
d3|4z E VG . (4.22)
Here V = V¯ is the gauge prepotential of an Abelian vector multiplet, and G is a real
linear superfield. The BF action reduces in components to [18]
SBF =− 1
8
∫
d3x e
(
εabcvaf bc +
i
2
λγλ¯γ +
i
2
λγ λ¯γ + gh+ gh
− 1
2
(γa)γδψa
γ(gλδ + gλδ) +
1
2
(γa)γδψ¯a
γ(gλ¯
δ
+ gλ¯δ)
− iεabc(γa)γδψbγψ¯cδgg
)
, (4.23)
where the component fields are defined by17
g := G| , λα := −2∇αG| , λ¯α := −2∇¯αG| , h := i∇¯γ∇γG| , (4.24a)
va := ea
mVm| = emaVa|+ 1
2
ψm
αVα|+ 1
2
ψ¯mαV¯
α| . (4.24b)
The component field strength can be constructed as follows
fab := Fab| − ψ[aβFb]β| − ψ¯[aβF¯b]β| − 1
2
ψ[a
αψ¯b]
βFαβ
=
1
4
εabc(γ
c)γδ[∇γ , ∇¯δ]G|+ i
2
ψ[a
β(γb])β
γλγ
− i
2
ψ¯[a
β(γb])β
γ λ¯γ + ψ[a
αψ¯b]αg . (4.24c)
The same definitions hold for the component fields of G. The component fields of
the Weyl multiplet are defined as in the type I case.
To fix additional symmetries in our invariants one can make use of the gauge
conditions (4.15) and (4.17), which leads to the following gauge conditions at the
component level
g = 1 , λα = 0 , bm = 0 . (4.25)
The first fixes the dilatations, the second fixes the S-supersymmetry transformations
and the last fixes the special conformal boosts. To see what the invariants we construct
correspond to at the component level we give the following useful results in the gauge
(4.25) (compare with (2.27)):
✷g =
1
4
R + fermion terms , (4.26a)
17The supersymmetry transformations of the component fields were given in [18].
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✷
2g = RabRab − 1
8
R2 +
1
4
DaDaR + fermion terms , (4.26b)
where we have defined
✷g := ∇a∇aG| , (4.27a)
✷
2g := ∇a∇a∇b∇bG| . (4.27b)
4.3 Supergravity invariants
We will write down actions for various supergravity models by constructing a
superspace Lagrangian built out of G, the composites (4.12a) and (4.12b), and their
D-covariant derivatives.
4.3.1 The supergravity action
The type II minimal supergravity action with a cosmological term was given in
[17] in conventional superspace. In conformal superspace it is given by
S =
1
κ
SSG + λScos , (4.28)
where
SSG = 4
∫
d3|4z E G ln
( G
ΦΦ¯
)
, (4.29a)
Scos = 4
∫
d3|4z E VG (4.29b)
and λ is the cosmological constant. Integrating by parts leads to the following equiv-
alent form for SSG:
SSG = 4
∫
d3|4z E VG = −16
∫
d3|4z E VGS . (4.30)
The corresponding component action may be derived by putting G → G into the
BF action (4.23). It is straighforward to show that the component field h contains a
term proportional to 1
g
✷g. Making use of the gauge conditions (4.25) and the results
(4.26), one can see that it gives rise to the Einstein-Hilbert term in the component
action. The cosmological term comes from the U(1) Chern-Simons term described by
the invariant Scos. The full component action for supergravity with a cosmological
term was analysed in detail in [17].
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4.3.2 The Rhn invariants
One can construct an invariant containing a Rhn term with n > 1 as follows
SRhn =
∫
d3|4z E
(
G
G
)n
G =
∫
d3|4z E
(
G
G
)n−1
G
= (−4)n
∫
d3|4z E GS n . (4.31)
Upon integrating by parts one finds the equivalent forms
SRhn =
∫
d3|4z E VGn =
∫
d3|4z EGn−1 ln
( G
ΦΦ¯
)
, (4.32)
where
Gn = i∇γ∇¯γ
(
G
G
)n
. (4.33)
The component form of the above action can be obtained from the BF action (4.23)
by putting for instance
G→ Gn (4.34)
into the BF action (4.23). It is straightforward to check that the component action
contains the term
3n(n− 1)
16
Rhn (4.35)
upon imposing the gauge conditions (4.25).
For n = 1 the invariant (4.31) vanishes and so we have to consider the n = 1 case
separately. A locally supersymmetric invariant containing a Rh term is described by
SRh = −4
∫
d3|4z EG ln
( G
ΦΦ¯
)
= 16
∫
d3|4z E GS ln
( G
ΦΦ¯
)
. (4.36)
The component action can be worked out by putting G → G and G → G into the
BF action (4.23). It gives rise to a term proportional to 1
g2
h✷g, which upon gauge
fixing leads to the Rh term in the component action. The bosonic action was explictly
given in [22].
It is important to note that in the n = 2 case the action also contains a scalar
curvature squared term. However, as was discussed in [22], an independent invariant
containing a curvature squared term is not known to exist. This can be attributed
to the fact that only a real scalar composite S can be constructed from the linear
multiplet, while for the type I case one can construct a complex scalar composite R
leading to an extra invariant.
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4.3.3 The Ricci curvature squared invariant
An invariant containing a Ricci squared term is given by
SRicci2 = 4
∫
d3|4z E GC αβCαβ . (4.37)
The action also contains a scalar curvature squared term contribution. This can be
checked by using the results of [17]. It is natural to introduce the one parameter
family of invariants
Sζ = 4
∫
d3|4z E G(C αβCαβ + ζS
2) , (4.38)
where ζ parametrizes the scalar curvature squared contribution.
The invariant SRicci2 = S0 can be seen to correspond to the one given in [22] with
the gauge conditions (4.15) and (4.17). In this gauge we find R = 0 and Cαβ satisfies
a constraint reminiscent of a N = 2 Yang-Mills multiplet
D2Cαβ = 0 . (4.39)
The above constraints mean that the supersymmetry transformations of Cαβ can be
put into one-to-one correspondence with a Yang-Mills multiplet. The action with the
gauge conditions (4.15) and (4.17) reads
SRicci2 = 4
∫
d3|4z E CαβCαβ . (4.40)
However, we can identity this action up to some multiplicative constant as a special
case of the Yang-Mills action ∫
d3|4z E tr G2 , (4.41)
where G = CαβMαβ and we are tracing over the Lorentz group. Therefore we can
equally construct the action in the gauge G = 1 using the correspondence with
the Yang-Mills multiplet. This provides a geometric explanation for the procedure
employed in [22] at the component level. However, in our approach it is not necessary
to work in the gauge (4.25) since one can just use the action (4.37).
Finally, It is worth mentioning that a pure Ricci curvature squared invariant is
given by
S
(pure)
Ricci2 = S−40/3 = 4
∫
d3|4z E G
(
C
αβ
Cαβ − 40
3
S
2
)
. (4.42)
In the gauge (4.25) it gives rise to a RabRab term in the component action.
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It should be mentioned that although we have restricted our attention to curvature
squared terms. Similarly to the type I case, one can always consider higher derivative
and locally supersymmetric actions by considering other instances of the action (4.14).
One should mention the following important descendent of the primary composites
(4.12):
Wαβ = − i
4
[Dγ , D¯γ]Cαβ +
1
2
[D(α, D¯β)]S + 2S Cαβ . (4.43)
It is related to the super-Cotton tensor Wαβ as
Wαβ = G
2
Wαβ . (4.44)
It should be kept in mind that the super-Cotton tensor is actually independent of the
compensator G.
4.4 Models for massive supergravity
In this section, in analogy to type I supergravity, we analyse the equations of
motion for a general supergravity model and determine the conditions in which we
have massive theories of supergravity.
We consider the following type II supergravity model
S = λScos +
1
κ
SSG +
1
µ˜
SCSG + µ1SRh + µ2SRh2 + µ3SRicci2 , (4.45)
where κ, µ˜, µ1, µ2 and µ3 are real, and we make use of the invariants defined in
subsection 4.3. Here SCSG denotes the N = 2 conformal supergravity action given in
our conventions in [29]. Here we assume µ3 ≥ 0 as in [22].
The equations of motion corresponding to the theory with action (4.45) can be
derived by varying the action with respect to the prepotential V of the real linear
compensator G. One finds the equation of motion on the compensator to be
0 = iDαD¯α
[
8µ1S − 2µ2
(
iDβD¯βS + 2iS
2
)
+ µ3
(
2iDβD¯βS − C αβCαβ
)]
+2λ− 4
κ
S . (4.46)
The equation of motion for the conformal supergravity prepotential is
1
µ
Wαβ + Tαβ = 0 , (4.47)
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where µ is related to µ˜ by a multiplicative constant. One can find the supergravity
equation of motion (4.47) by making use of the results for the deformation of the
prepotential in appendix C, which imply
δSCSG =
∫
d3|4zEδHαβWαβ , δ
[
S − 1
µ˜
SCSG
]
=
∫
d3|4zEδHαβTαβ . (4.48)
It can be checked that the supercurrent Tαβ is given by
Tαβ = G
2
Tαβ , (4.49)
where
Tαβ = λT
(cos)
αβ +
1
κ
T
(SG)
αβ + µ1T
(Rh)
αβ + µ2T
(Rh2)
αβ + µ3T
(Ricci2)
αβ , (4.50)
and
T
(cos)
αβ = 2[D(α, D¯β)]V , (4.51a)
T
(SG)
αβ = 2Cαβ − 4S [D(α, D¯β)]V , (4.51b)
T
(Rh)
αβ = 4
(
[D(α, D¯β)] + 4Cαβ
)
S + 8([D(α, D¯β)]V)iDγD¯γS , (4.51c)
T
(Rhn)
αβ = −(−4)n
{ n
32
(
[D(α, D¯β)] + 4Cαβ
)
iDγD¯γS
(n−1)
+
n(n− 1)
2
S
n−2(D(αS )D¯β)S
}
−(−4)
n
16
([D(α, D¯β)]V)iDγD¯γ
(
niDγD¯γS
(n−1) + 4(n− 1)S n
)
, (4.51d)
T
(Ricci2)
αβ = −1
4
[Dγ , D¯γ ][D
δ, D¯δ]Cαβ − 4DaDaCαβ + iD(αγ[Dδ, D¯|δ|]Cβ)γ
+24C¯αβγD
γ
S − 24CαβγD¯γS + [D(α, D¯β)]C γδCγδ
−16
3
Cαβ iD
γ
D¯γS + 4C
γδ
(
iD¯(αCβγδ) + iD(αC¯βγδ)
)
+ 8C(α
γ
Dβ)γS
−4iS [Dγ , D¯γ]Cαβ − 8S εcab(γc)αβDaCb − 32S 2Cαβ
+([D(α, D¯β)]V) iDγD¯γ
(
2iDγD¯γS − CαβC αβ
)
. (4.51e)
Making use of the compensator equation of motion, the above expression becomes
0 =
1
µ
Wαβ +
2
κ
Cαβ + 4µ1
(
[D(α, D¯β)] + 4Cαβ
)
S
−µ2
[(
[D(α, D¯β)] + 4Cαβ
)
iDγD¯γS + 16(D(αS )D¯β)S
]
−µ3
4
[
[Dγ , D¯γ][D
δ, D¯δ]Cαβ + 16D
a
DaCαβ − 4iD(αγ [Dδ, D¯|δ|]Cβ)γ
− 96C¯αβγDγS + 96CαβγD¯γS − 4[D(α, D¯β)]C γδCγδ
+
64
3
Cαβ iD
γ
D¯γS − 16C γδ
(
iD¯(αCβγδ) + iD(αC¯βγδ)
)− 32C(αγDβ)γS
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+ 16iS [Dγ , D¯γ]Cαβ + 32S ε
cab(γc)αβDaCb + 128S
2
Cαβ
]
. (4.52)
The supercurrent Tαβ obeys the conservation equation
∇βTαβ = 0 (4.53)
when the compensator obeys its equation of motion (4.46).
We are interested in maximally supersymmetric solutions of the supergravity equa-
tions of motion. In type II supergravity backgrounds, all maximally supersymmetric
backgrounds [17, 60] are characterised by dimension-1 torsion superfields under the
following constraints
R = 0 , DAS = 0 , DαCb = 0 =⇒ DaCb = 2εabcCcS , CaCa = const .
(4.54)
The corresponding algebra of covariant derivatives is
{Dα,Dβ} = 0 , (4.55a)
{Dα, D¯β} = −2i(γc)αβ
(Dc − 2SMc − iCcJ)+ 4εαβ
(
CcMc − iSJ
)
, (4.55b)
[Da,Dβ] = iεabc(γb)βγCcDγ + (γa)βγSDγ , (4.55c)
[Da,Db] = 4εabc
(CcCd + δcdS2)Md . (4.55d)
The equations of motion (4.46) and (4.52) simplify significantly for maximally
supersymmetric backgrounds where we have the conditions
Ca = 0 , S = S0 = const . (4.56)
In this case the equation on the compensator reduces to
S0 = κ
2
λ , (4.57)
and the supercurrent vanishes,
Tαβ =Wαβ = 0 . (4.58)
The supergravity equations of motion are by construction super-Weyl invariant.
One can fix this super-Weyl invariance by imposing the gauge
G = 1 . (4.59)
Keep in mind that the super-Weyl invariance can be restored by replacing Dα → Dα,
Ca → Ca and S → S everywhere. We will assume the above gauge condition in what
follows.
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We consider perturbations in the model (4.45) about the maximally supersym-
metric solution:
S = S0 +∆S , Cαβ = ∆Cαβ . (4.60)
The equation of motion on the compensator becomes
0 =
2
κ
∆S − 4(µ1 − µ2S0)iDαD¯α∆S + (µ2 − µ3)(iDαD¯α)2∆S . (4.61)
Thus we see that ∆S is propagating in general. However one can simplify the equation
of motion (4.61) by turning it into an algebraic one by setting
µ1 = µ2S0 , µ3 = µ2 . (4.62)
In this case, if 1
κ
6= 0 we must require ∆S = 0.
By linearizing the Bianchi identity (3.4) about the background chosen one can
show that ∆Cαβ is divergenceless, Dβ∆Cαβ = 0. Using this condition one can write
the supergravity equation of motion in the form
0 = µ3(iDγD¯γ)2∆Cαβ −
(
8µ3S0 + 1
2µ
)
iDγD¯γ∆Cαβ
+2
(1
κ
+
1
µ
S0 − 32µ3S20
)
∆Cαβ . (4.63)
Consistency of the previous equation may be checked by making use of a general
property of symmetric divergenceless superfields in the background chosen. Specifi-
cally, given a symmetric real spinor Tα1···αn = T(α1···αn) such that DαTαα1···αn−1 = 0,
one can check that the following holds
DαDγD¯γTαα1···αn−1 = 0 . (4.64)
This implies that the operator i
2
DγD¯γ preserves the divergenceless condition of the
superfield ∆Cαβ . Thus one can check that (4.63) is consistent.
It should be mentioned that (4.63) can also be rewritten in terms of vector covari-
ant derivatives as follows
0 = µ3DaDa∆Cαβ +
(
4µ3S0 − 1
4µ
)
εcab(γc)αβDa∆Cb
+
1
2
(1
κ
− 1
µ
S0 − 16µ3S20
)
∆Cαβ . (4.65)
In the case µ3 > 0 we may factorize (4.63) as follows
( i
2
DγD¯γ +m−
)( i
2
DγD¯γ −m+
)
∆Cαβ = 0 , (4.66)
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where
m+ −m− = 4S0 + 1
4µ3µ
, (4.67a)
m+m− = −1
2
( 1
κµ3
+
1
µµ3
S0 − 32S20
)
. (4.67b)
The constants m+ and m− are real for(
4µ3S0 + 1
4µ
)2
≥ 2µ3
(1
κ
+
1
µ
S0 − 32µ3S20
)
. (4.68)
Massive supergravity may be described by the model (4.45) with various choices
of parameters. We see from eq. (4.68) that in a Minkowski background (S0 = 0)
with µ3 > 0 and µ = ∞ it is necessary to have a negative Einstein Hilbert term,
κ < 0 or no Einstein-Hilbert term κ → ∞. About a non-Minkowski background,
S0 6= 0, the presence of a Rh2 in the action is problematic for ghost freedom [22]. The
choice λ = 0 and µ1 = 0 recovers the N = 2 generalised massive supergravity model
discussed in [22].
It is worth noting that maximally supersymmetric backgrounds are characterised
by the more general conditions (4.54). In this case
S = S0 = const , Ca = Ca0 = const (4.69)
and the equation on the compensator reduces to
S0 = κ
2
λ , (4.70)
while the equation for the gravitational superfield becomes
0 =
[1
κ
+
(1
µ
+ 8µ1
)
S0 − 16µ3S30
]
Ca0 . (4.71)
We have already studied the case Ca0 = 0. If Ca0 6= 0 we have the condition
1
κ
+
(1
µ
+ 8µ1
)
S0 − 16µ3S30 = 0 . (4.72)
We do not discuss linearization about this background here.
5 N = 2 supergravity models with a complex linear
compensator
In the previous sections we have constructed N = 2 supergravity models by using
a chiral and a real linear compensator. In complete analogy to four-dimensional
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N = 1 supergravity, see [25, 42, 41] for detailed reviews, 3D N = 2 off-shell Poincare´
and AdS supergravities can be realised by using a complex linear superfield coupled
to conformal supergravity. These non-minimal 3D N = 2 models were introduced in
[27, 31]. In this section we aim to show that massive supergravity can be constructed
in the non-minimal case.
5.1 Non-minimal supergravity in conventional superspace
To describe non-minimal supergravity one makes use of a complex linear compen-
sator Σ that obeys the constraint
(D¯2 − 4R)Σ = 0 (5.1)
and is subject to no reality condition. By definition, the compensator Σ is chosen
to be nowhere vanishing and transform as a primary field of weight w under the
super-Weyl group. The U(1)R charge of Σ is uniquely determined [27],
δσΣ = wσΣ =⇒ JΣ = (1− w)Σ . (5.2)
For every value of w 6= 0, 1 the following action
Snon-minimal =
4w
1− w
∫
d3|4z E
(
Σ¯Σ
) 1
2w (5.3)
describes off-shell non-minimal Poincare´ supergravity providing a supersymmetric
extension of the Einstein-Hilbert term. On the other hand, it turns out that the
complex linear superfield Σ is not suitable to construct a cosmological constant term
and describe AdS supergravity. The way around this limitation was found in the
four-dimensional case in [46] and applied to three dimensions in [31]. The core of
the idea is that when w = −1 the complex linear constraint (5.1) admits non-trivial
deformations.
Consider a new conformal compensator Γ that has the transformation properties
δσΓ = −σΓ , JΓ = 2Γ (5.4)
and obeys the improved linear constraint [31]
−1
4
(D¯2 − 4R)Γ = λ = const . (5.5)
This constraint is super-Weyl invariant and the complex parameter λ 6= 0 turns out
to play the role of a cosmological constant. In fact, the action
SAdS = −2
∫
d3|4z E (Γ¯Γ)
−1/2
(5.6)
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describes AdS supergravity. We can prove this statement by showing that the action
(5.6) is dual to the type I minimal supergravity action (3.36). Consider the first-order
action
Sfirst-order =
∫
d3|4z E
(
− 4Φ¯Φ + ΓΦ4 + Γ¯ Φ¯4
)
, (5.7)
where Φ is complex unconstrained, and Γ obeys the constraint (5.5). Varying Sfirst-order
with respect to Γ yields D¯αΦ = 0, and then (5.7) reduces to the supergravity matter
action (3.36) where for simplicity we have set κ = 1. On the other hand, we can
integrate out the fields Φ and Φ¯ to end up with the action (5.6). In the following we
will focus only on non-minimal supergravity where the compensator satisfies (5.5).
Let us now discuss some geometrical properties of the w = −1 non-minimal super-
gravity within conventional superspace. The super-Weyl and local U(1)R symmetries
can be used to impose the gauge condition
Γ = 1 . (5.8)
In this gauge, some restrictions on the geometry occur [27]. To describe them, it is
useful to split the covariant derivatives as
Dα = Dα + iTαJ , D¯α = D¯α + iT¯αJ , (5.9)
where Tα is related to the original complex U(1)R connection Φα as Tα = −Φα. In
the gauge (5.8), the constraint (D¯2 − 4R)Γ = −4λ turns into
R = λ+ i
2
(
D¯αT¯
α + iT¯αT¯
α
)
. (5.10)
Evaluating explicitly {Dα,Dβ}Γ and {Dα, D¯β}Γ and then setting Γ = 1 gives
D(αTβ) = 0 , S = 1
8
(
D¯αTα − DαT¯α + 2iT αT¯α
)
, (5.11a)
Φαβ = Cαβ + i
2
D(αT¯β) +
i
2
D¯(αTβ) + T(αT¯β) . (5.11b)
If we define a new vector covariant derivative Da by Da := Da−iΦaJ , then the algebra
of the covariant derivatives DA = (Da,Dα, D¯
α) proves to be
{Dα,Dβ} = −2iT(αDβ) − 4R¯Mαβ , (5.12a)
{Dα, D¯β} = −2iDαβ − iT¯(αDβ) + iT(αD¯β) + i
2
εαβ
(
T¯ γDγ + T
γD¯γ
)
−2εαβCγδMγδ + 4iSMαβ . (5.12b)
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Note that here the independent curvature tensor superfields Tα and Cαβ are of mass
dimension 1/2 and one, respectively, while both S and R are now descendants of the
torsion superfields Tα and T¯α.
Note that the Bianchi identities of the non-minimal algebra imply the following
constraints
D¯αR = 2iT¯αR , (5.13a)
DβCαβ = −1
2
[(
D¯α + 2iT¯α
)R¯+ 4iDαS
]
. (5.13b)
Moreover, the constraint defining a real linear superfield becomes
(
D2 + iT αDα − 4R¯
)
G = 0 . (5.14)
Such a constraint also holds for S. The expression for the super-Cotton tensor ex-
pressed in terms of the non-minimal covariant derivatives DA is
Wαβ = − i
4
[Dγ, D¯γ]Cαβ + 1
2
[D(α, D¯β)]S − 1
4
T γD¯(αCβγ) + 1
4
T¯ γD(αCβγ)
− 1
12
T(αDβ)R+ 1
12
T¯(αD¯β)R¯ − i
6
(
T(αD¯β) + T¯(αDβ)
)S + 2SCαβ , (5.15)
or, equivalently,
Wαβ = −1
2
[D(α, D¯β)]S + i
2
T(αD¯β)S + i
2
T¯(αDβ)S − εcab(γc)αβDaCb − 2SCαβ . (5.16)
5.2 The superconformal setting
In conformal superspace the conformal compensator Γ is a primary superfield of
dimension -1 and U(1)R weight 2,
DΓ = −1 , JΓ = 2Γ , KAΓ = 0 , (5.17)
and satisfies the constraint
−1
4
∇¯2Γ = λ = const. (5.18)
In complete analogy to the type I and II cases, using Γ one can introduce new
covariant derivatives that take primary superfields to primary superfields. We define
the new covariant derivatives DA = (Da,Dα, D¯
α) as follows:
Dα := Γ¯
1
2
{
∇α + 1
2
∇γ log (ΓΓ¯)Mαγ − 1
4
∇α log
(Γ
Γ¯
)
J +
1
2
∇α log
(
ΓΓ¯
)
D
}
, (5.19a)
Dαβ := (ΓΓ¯)
1
2
{
∇αβ + i
2
∇¯(α log (ΓΓ¯)∇β) + i
2
∇(α log (ΓΓ¯)∇¯β)
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+
1
2
∇(αδ log (ΓΓ¯)Mβ)δ − i
8
(∇γ log (ΓΓ¯))∇¯γ log (ΓΓ¯)Mαβ
− i
8
[(∇(α log (ΓΓ¯))∇¯β) log
(Γ
Γ¯
)
+
(∇¯(α log (ΓΓ¯))∇β) log
(Γ
Γ¯
)]
J
− 1
4
∇αβ log
(Γ
Γ¯
)
J +
1
2
∇αβ log
(
ΓΓ¯
)
D
}
. (5.19b)
These covariant derivatives are such that
[D,DA] = 0 , [J,DA] = 0 , [KA,DB} = 0 , (5.20)
and satisfy the algebra:
{Dα,Dβ} = −2iT(αDβ) − 4R¯Mαβ , (5.21a)
{Dα, D¯β} = −2iDαβ − iT¯(αDβ) + iT(αD¯β) + i
2
εαβ
(
T¯
γ
Dγ + T
γ
D¯γ
)
−2εαβC γδMγδ + 4iSMαβ . (5.21b)
Here we have introduced the following primary dimensionless, and U(1)R chargeless
superfields
Tα =
i
4
Γ¯
1
2∇α log
(
ΓΓ¯3
)
, (5.22a)
S =
i
8
(ΓΓ¯)
1
2∇α∇¯α log
(
ΓΓ¯
)
, (5.22b)
R = −1
4
(Γ3Γ¯)
1
2 ∇¯2(ΓΓ¯)− 12 , (5.22c)
Cαβ = −1
4
[∇(α, ∇¯β)](ΓΓ¯) 12 , (5.22d)
together with their complex conjugates. Note also that Γ is covariantly constant with
respect to the derivatives DA,
DAΓ = 0 . (5.23)
The algebra of covariant derivatives (5.21) formally coincides with that of w = −1
non-minimal supergravity, (5.12).
By using the compensator Γ and the torsion superfield Tα, together with its
descendants, we can construct general actions of the form
SNM =
∫
d3|4z E (ΓΓ¯)−
1
2L(T ,DT , · · · ) , (5.24)
where L is a primary dimensionless superfield constructed out of the torsion compo-
nents T and its covariant derivatives.
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It is worth underlining the peculiarity of the presence of a primary, spinorial
torsion Tα in N = 2 non-minimal supergravity. Its presence is ultimately related to
the fact that non-minimal supergravity has 4+4 extra auxiliary fields compared to
the minimal type I and type II cases. Consider the following independent components
of the complex linear compensator
B = Γ| , ρα = ∇αΓ| , ζα = ∇αΓ¯| , (5.25a)
H = ∇2Γ| , p = ∇¯α∇αΓ| , pαβ = ∇¯(α∇β)Γ| , βα = 12∇β∇¯α∇βΓ| , (5.25b)
together with their complex conjugates. The gauge choice
Γ = 1 , BA = 0 , (5.26)
that fixes dilatation, U(1)R and special conformal symmetry, at the component level
corresponds to setting
B = 1 ,
(
ρα + ζα
)
= 0 , bm = 0 . (5.27)
The first condition fixes the dilatation and U(1)R symmetries. The second condition
fixes S-supersymmetry. The last condition fixes the conformal boosts. It is clear
that only half of the eight spinor components of ζα, ζ¯α ρα and ρ¯α are used to fix
S-supersymmetry while the remainder fit in the non-minimal spinor auxiliary field
Tα| = 1
4
(
ρα − ζα
)
. (5.28)
5.3 Massive supergravity
In this section we use the non-minimal formulation to construct a novel consistent
theory of massive supergravity.
Consider the action
S =
1
µ˜
SCSG + Sfirst-order , (5.29)
where SCSG is the conformal supergravity action while Sfirst-order is given by
Sfirst-order =
∫
d3|4z E
(
Φ¯ΦL(Φ, Φ¯) + ΓΦ4 + Γ¯ Φ¯4
)
, (5.30)
and the dimensionless primary superfield L is given by
L := −4 − 4µ2RR¯ + 4µ3C αβCαβ +
(
µ0R
3 + µ1R
4 + c.c.
)
. (5.31)
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The superfields Γ and Γ¯ are the complex linear compensators defined in the previ-
ous sections and satisfy the constraint (5.18) and its conjugate, respectively. The
superfields Φ and Φ¯ here are unconstrained complex primaries such that
DΦ =
1
2
Φ , JΦ = −1
2
Φ . (5.32)
The dimensionless primary superfields R, R¯ and Cαβ are functionals of Φ and Φ¯
defined as (compare with (3.19))
R := − 1
4Φ4
∇¯2(ΦΦ¯) , Cαβ := −1
4
[∇(α, ∇¯β)] 1
ΦΦ¯
. (5.33)
An important feature of the action (5.29) is that if we vary it with respect to Γ
the Lagrange multiplier term ΓΦ4 yields the chiral constraint, ∇¯αΦ = 0. Then (5.29)
with (5.31) reduces to the general type I massive action (3.52) (where for simplicity
we have set κ = 1). On the other hand, we can formally integrate out the fields Φ and
Φ¯, which upon imposing their equations of motion become functionals of Γ and Γ¯. If
one then plugs the expressions for Φ(Γ, Γ¯) and Φ¯(Γ, Γ¯) into eq. (5.30), the resulting
model describes massive supergravity in the N = 2 non-minimal case. On-shell the
resulting dynamical system is equivalent to the model described by eq. (3.52).
We have just demonstrated that, by dualizing type I models, massive supergravity
can be constructed also in the non-minimal case. An open question remains whether
the models obtained by dualizing the type I models are the most general massive
supergravity theories one can construct in the non-minimal formulation. We leave
the investigation of this question for future work.
6 N = 3 supergravity with a compensating vector
multiplet
The conventional superspace formalism of [27] offers the ability to construct the
most general N = 3 supergravity models. In this section we focus on N = 3 su-
pergravity with a nowhere vanishing off-shell vector multiplet and construct various
supergravity invariants up to and including curvature squared invariants. Further-
more, we will demonstrate how such invariants may be constructed within the super-
conformal framework. It should also be mentioned that in the context of projective
superspace the N = 3 vector multiplet is often referred to as the O(2) multiplet. In
what follows we use either name interchangeably.
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6.1 Conventional superspace
The curved superspaceM3|6 is parametrized by real bosonic (xm) and real fermionic
(θµI ) coordinates z
M = (xm, θµI ), where m = 0, 1, 2, µ = 1, 2, and I = 1, 2, 3. The su-
perspace geometry [27] is described in terms of covariant derivatives of the form
DA = EAM∂M − 1
2
ΩA
abMab − 1
2
ΦA
PQNPQ . (6.1)
Here EA = EA
M(z)∂M is the inverse supervielbein, ΩA
ab is the Lorentz connection
and ΦA
PQ is the SO(3) connection. The SO(3) generators NIJ = −NJI act on the
spinor covariant derivatives as follows
[N IJ ,DKα ] = 2δK[IDJ ]α . (6.2)
The supergravity spinor covariant derivatives obey the following anti-commutation
relations:
{DIα,DJβ} = 2iδIJ(γc)αβDc − 2iεαβCγδIJMγδ − 4i(SIJ + δIJS)Mαβ
+
[
− 4iεαβSK[IδJ ]L − 4iεαβδK[IδJ ]LS + iCαβKLδIJ
− 4iCαβK(IδJ)L
]
NKL , (6.3)
where SIJ and CαβIJ satisfy the symmetry properties
SIJ = S(IJ) , SI I = 0 , CαβIJ = Cαβ [IJ ] = C(αβ)IJ , (6.4)
as well as the Bianchi identities
DIαCβγJK =
2
3
εα(β
(
Cγ)IJK + 3Tγ)JKI + 4(D[Jγ)S)δK]I −
1
3
Sγ)[JδK]I
)
+CαβγIJK − 2Cαβγ [JδK]I , (6.5a)
DIαSJK = 2TαI(JK) + Sα(JδK)I −
1
3
SαIδJK . (6.5b)
The symmetry properties of CαIJK , CαβγIJK and CαβγI are
CαIJK = Cα[IJK] , CαβγIJK = Cαβγ [IJK] = C(αβγ)IJK , CαβγI = C(αβγ)I , (6.6)
while the superfield TαIJK is such that
TαIJK = Tα[IJ ]K , δJKTαIJK = Tα[IJK] = 0 . (6.7)
The remaining covariant derivative commutation relations follow from the spinor
covariant derivative anti-commutator, see [27] for more details.
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The superspace geometry describes conformal supergravity because it admits
super-Weyl transformations of the form [64]
D′Iα = e
1
2
σ
(
DIα +DβIσMαβ +DαJσN IJ
)
, (6.8a)
D′a = eσ
(
Da + i
2
(γa)
αβ(DKα σ)DβK + εabc(Dbσ)M c +
i
4
(DρKσ)DKρ σMa
+
i
48
(γa)
αβe−3σ[DKα ,DLβ ]e3σ
)
. (6.8b)
The corresponding transformations of the torsion superfields are
S ′ = − i
6
e
1
2
σ(DγKDKγ + 6iS)e
1
2
σ , (6.9a)
S ′IJ = i
4
e2σ
(
DγIDJγ −
1
3
δIJDγKDKγ − 4iSIJ
)
e−σ , (6.9b)
C′αβIJ =
i
2
(
D[I(αDJ ]β) − 2iCαβIJ
)
eσ . (6.9c)
All supergravity-matter invariants can be made super-Weyl invariant with the use
of the vector multiplet compensator field strength GI , which satisfies the Bianchi
identity
D(Iα GJ) =
1
3
δIJDKα GK . (6.10)
One only needs to make use of its magnitude G,
G2 := GIGI , (6.11)
which transforms homogeneously under super-Weyl transformations,
G′ = eσG . (6.12)
It should be mentioned that the abelian vector multiplet is also known as the O(2)
multiplet. The reason for this is made evident by making use of the isomorphism
SO(3) ∼= SU(2)/Z2 and replacing any SO(3) vector index by a symmetric pair of
SU(2) spinor indices. For the isovector GI , one can instead work with the symmetric
spinor Gij defined by
GI := (ΣI)ijG
ij , Gij = (ΣI)ijG
I , (6.13)
where the sigma-matrices are given by
(ΣI)ij := (1, iσ1, iσ3) = (ΣI)ji . (6.14)
The O(2) multiplet can be shown to satisfy the analyticity constraint
D(ijα Gkl) = 0 , (6.15)
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where Dijα := (ΣI)ijDIα. The isospinor representation of isotensors is used in the
projective superspace formulation [27].
General off-shell matter couplings in N = 3 supergravity were constructed in [27]
by using projective superspace. Given a supergravity-matter system, its dynamics can
be described by a Lagrangian L(2)(v) which is a real weight-two covariant projective
supermultiplet,18 with vi the homogeneous coordinates for CP 1. We refer the reader
to [27] for the definition and notations of N = 3 covariant projective superspace and
details about the supersymmetric action principle in that context. See also [18] for
the generalization to the N = 3 conformal superspace of [28].
It was shown in [18] that in the presence of an Abelian vector multiplet with
nowhere vanishing gauge invariant field strength Gij, G :=
√
GijGij 6= 0, the action
functional can be rewritten as a BF term for a composite real O(2) multiplet Gij .
In this sense the BF action may be used as a universal action principle for N = 3.
We will discuss the BF action in more detail below in the superconformal context.
6.2 The superconformal setting
Since our actions can be made to be superconformally invariant it is natural to
work with a manifestly superconformal framework. In this subsection we introduce
such a framework and provide the ingredients for the construction of supergravity
invariants.
6.2.1 The abelian vector multiplet
Here we make use of N = 3 conformal superspace described in appendix A. The
abelian vector multiplet superfield strength GI is a dimension 1 primary,
DGI = GI , KAG
I = 0 , (6.16)
and satisfies the Bianchi identity
∇(IαGJ) =
1
3
δIJ∇KαGK . (6.17)
The superfield GI naturally appears in the components of the gauge-invariant field
strength F = dV ,
F =
1
2
EβJ ∧ EαI F IαJβ + EβJ ∧ Ea FaJβ +
1
2
Eb ∧ Ea Fab , (6.18)
18In what follows, we suppress explicit z-dependence of N = 3 superfields.
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where
F Iα
J
β = −2iεαβεIJKGK , (6.19a)
Fa
I
α =
1
2
(γa)α
βεIJK∇βJGK , (6.19b)
Fab = − i
24
εabc(γ
c)αβεIJK [∇Iα,∇Jβ ]GK . (6.19c)
Using G =
√
GIGI one can construct dimensionless covariant derivatives that take
primary superfields to primary superfields. The covariant derivatives are
D
I
α = G
− 1
2
(
∇Iα − (∇βI lnG)Mαβ − (∇αJ lnG)N IJ − (∇Iα lnG)D
)
, (6.20a)
Da =
i
12
(γa)
αβ{DKα ,DβK}+ 2SMa +
1
6
Ca
KLNKL , (6.20b)
where we have introduced the dimensionless primary superfields
Ca
IJ := − i
4
(γa)
αβ∇[Iα∇J ]β
1
G
≡ εIJKCaK , (6.21a)
S := − i
6G
1
2
∇γK∇Kγ G−
1
2 . (6.21b)
It can be checked that the covariant derivatives annihilate G, DAG = 0. On primary
superfields one can verify that the covariant derivatives (6.20) satisfy the algebra
{DIα,DJβ } = 2iδIJ(γc)αβDc − 2iεαβC γδIJMγδ − 4i(S IJ + δIJS )Mαβ
+
(
− 4iεαβS K[IδJ ]L − 4iεαβδK[IδJ ]LS + iCαβKLδIJ
−4iCαβK(IδJ)L
)
NKL , (6.22)
where we have introduced
S
IJ :=
i
4G2
(
∇γ(I∇J)γ −
1
3
δIJ∇γK∇Kγ
)
G . (6.23)
The algebra of covariant derivative of DA can be seen to formally agree with the one
of SO(3) superspace. It is worth mentioning that in the gauge BA = 0 the superfields
S IJ , S and Cαβ
IJ become
Cαβ
IJ =
i
2
(
D[I(αDJ ]β) − 2iCαβIJ
) 1
G
, (6.24a)
S = − i
6G
1
2
(
DγKDKγ + 6iS
) 1
G
1
2
, (6.24b)
S
IJ =
i
4G2
(
DγIDJγ −
1
3
δIJDγKDKγ − 4iSIJ
)
G . (6.24c)
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Similar to the previous cases the superfields S IJ , S and Cαβ
IJ can be seen to degauge
to SIJ , S and CαβIJ upon imposing the gauge condition G = 1.
Instead of working with GI , one can also equivalently make use of the prescription
(6.13) and introduce G(2) defined such that
∇(2)α G(2) = 0 ⇐⇒ ∇(ijα Gkl) = 0 , G(2)(v) := Gijvivj , ∇(2)α := vivj∇ijα ,
(6.25)
where vi are homogeneous coordinates for CP 1.19 In this form the O(2) multiplet
can be given the prepotential realisation [27]
G(2)(v) := Gijv
ivj = ∆(4)
∮
γˆ
(vˆ, dvˆ)
2pi(v, vˆ)2
V(vˆ) , (6.26)
where V(v) is the tropical prepotential for the vector multiplet, ∇(2)α V = 0, and we
have introduced the analytic projection operator [27]
∆(4) :=
i
4
∇α(2)∇(2)α . (6.27)
Here the prepotential V possesses the gauge transformations
δV = λ+ λ˘ , ∇(2)α λ = 0 , (6.28)
where the gauge parameter λ is an arbitrary weight-0 arctic multiplet and λ˘ is its
smile-conjugate, see [27] for more details.
A noteworthy and useful composite O(2) multiplet G(2) may be constructed using
the prepotential realisation (6.26) with the prepotential [27]
V = ln
( G(2)
iΥ(1)Υ˘(1)
)
, (6.29)
where Υ(1) is a weight-1 arctic multiplet and Υ˘(1) its smile conjugate [27]. The com-
posite GI , which was used in the description of (2,1) AdS supergravity [18], can be
expressed in terms of the composites S IJ and S as follows:
G
I = 4(S IJ + δIJS )GJ ,
=
i
G2
GJ(∇γ(I∇J)γ −
1
3
δIJ∇γK∇Kγ )G−
2i
3G
1
2
GI∇γK∇Kγ G−
1
2 . (6.30)
It will be a useful ingredient in the construction of supergravity invariants.
19Refer to [27, 18] for details on the formalism of projective superspace.
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6.2.2 The BF action
General off-shell matter couplings in N = 3 supergravity were constructed in [27]
and it was shown in [18] that the general action functional there can be rewritten as
a BF term
SLM =
1
2pii
∮
γ
(v, dv)
∫
d3|6z E C(−4)L(2)
=
1
2pii
∮
γ
(v, dv)
∫
d3|6z E C(−4)VG(2) , d3|6z = d3x d6θ , (6.31)
where V(v) is the tropical prepotential for the O(2) multiplet G(2), while G(2) is some
composite O(2) multiplet. Here the model-independent isotwistor superfield C(−4)(v)
of weight −4 is required to be conformally primary and of dimension −1. The action
(6.31) is invariant under the gauge transformations (6.28). The action (6.31) is also
called the N = 3 linear multiplet action. The component form of the action (6.31) is
[18]
SLM =
1
2
∫
d3x e
(
εabcvaf bc − 2iχγχγ −
i
4
λγIJλγIJ + g
IhI + g
IhI
− 1
2
(γa)γδψa
γ
I (λ
δIJgJ + λ
δIJgJ + iχ
δgI + iχδgI)
+
i
2
εabc(γa)γδψb
γ
Kψc
δ
L(δ
KLgPgP − 2gKgL)
)
, (6.32)
where the component fields are defined as follows:
gI = GI | , λαIJ = 2∇[IαGJ ]| , χα =
i
3
∇IαGI | , hI = −i∇γJ∇γJGI | , (6.33a)
va = ea
mVm| = Va|+ 1
2
ψa
α
I V
I
α | , (6.33b)
fab = Fab| − 1
2
(ψ[a
Kγb]λK) +
i
2
ψa
γKψb
L
γ gKL
= − i
12
εabc(γ
c)αβεIJK∇αI∇βJGK | − 1
4
εIJK(ψ[aIγb]λJK) +
i
2
εIJKψa
γ
IψbγJgK .
(6.33c)
The same definitions hold for the component fields of G.
The component fields of the Weyl multiplet were defined in [28]. The vielbein
em
a, the gravitino ψm
α
I , the SO(3) gauge field Vm
IJ and the dilatation gauge field bm,
are defined as the lowest components of their corresponding superforms,
em
a := Em
a| , ψmαI := 2EmαI | , VmIJ := ΦmIJ | , bm := Bm| . (6.34)
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There also exists an additional component field wα which is defined as the component
projection of the super-Cotton tensor Wα, wα = Wα|. At the component level, we
will be mostly interested in the bosonic sector of locally supersymmetric invariants
and therefore will not be concerned with fermionic fields.
To fix the dilatations, S-supersymmetry, special conformal symmetry and SO(3)
symmetry in our invariants one can make use of the gauge conditions
GI = (0, 0, G) , G = 1 , BA = 0 , (6.35)
which leads to the following conditions at the component level:
gI = (0, 0, g) , g :=
√
gIgI = 1 , χα = λα
IJ = 0 , bm := Bm| = 0 . (6.36)
The first breaks the SO(3) symmetry, the second breaks dilatations, the third fixes
S-supersymmetry transformations and the last fixes the special conformal transfor-
mations. Note that the gauge conditions (6.36) also imply that
hI ≡ (0, 0, h) . (6.37)
In the gauge (6.36) one can verify the following useful results:
✷gI =
1
4
RgI + fermion terms , (6.38a)
✷
2gI = RabRabg
I − 1
8
R2gI +
1
4
(DaDaR)g
I + fermion terms , (6.38b)
where we have defined
✷gI := ∇a∇aGI | , (6.39a)
✷
2gI := ∇a∇a∇b∇bGI | , (6.39b)
and
Da = ea
m
(
∂m − 1
2
ωm
bcMbc − VmKLNKL − bmD
)
. (6.40)
The above results will be useful in identifying the curvature terms in the invariants
at the component level.
6.3 Supergravity invariants
In this subsection we construct various supergravity invariants in superspace using
the composites S IJ and S .
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6.3.1 The supergravity action
The N = (2, 1) supergravity action with a cosmological term is described by the
Lagrangian [27]
L(2) = 1
κ
L(2)SG + λL(2)cos , (6.41)
where
L(2)SG = G(2) ln
( G(2)
iΥ(1)Υ˘(1)
)
, (6.42a)
L(2)cos = VG(2) . (6.42b)
The component action corresponding to L(2)SG can be constructed by letting GI → GI
in the component BF action (6.32). After doing so, one can verify that the component
field hI contains a term proportional to 1
g
✷gI . Imposing the gauge condition (6.36)
and using the results (6.38) recovers the Einstein-Hilbert term in the action. The
cosmological term coming from L(2)cos corresponds to a U(1) Chern-Simons term. The
equations of motion for the supergravity model was given in [18].
6.3.2 The Rhn invariants
An invariant can be constructed using
L(2)Rhn =
(
G(2)
G(2)
)n
G(2) . (6.43)
Using integration by parts one can show that the corresponding action can be equiv-
alently constructed from
L(2) = VG(2)n , (6.44)
where we have defined [18]
G
(2)
n := ∆
(4)
∮
γˆ
(vˆ, dvˆ)
2pi(v, vˆ)2
(
G(2ˆ)
G(2ˆ)
)n
. (6.45)
The component action corresponding to L(2)Rhn may be obtained by letting GI → GI
in the component BF action (6.32). For n = 1 the action can be seen to vanish since
upon integrating by parts it coincides with
L(2) = G(2) , (6.46)
which may be thought of as a BF action with one of the vector multiplets set to zero.
For n ≥ 2 it can be shown to contain a term proportional to Rhn upon imposing the
gauge conditions (6.36).
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For the n = 1 case one can use the following independent invariant
L(2)Rh = G(2) ln
( G(2)
iΥ(1)Υ˘(1)
)
. (6.47)
The component action can be analysed by putting GI → GI and GI → GI into the
BF action. A term of the form
1
g2
hI✷g
I (6.48)
will arise in the component action in the contribution gIhI+g
IhI . Upon gauge fixing
it gives rise to a Rh term. In analogy with the N = 2 case with a vector multiplet
we call the invariant a Rh invariant.
It is also worth mentioning that upon integrating by parts one can show that the
supergravity invariant corresponding to L(2)Rh can be described by the Lagrangian
L(2) = VG(2)0 , (6.49)
where
G
(2)
0 = ∆
(4)
∮
γˆ
(vˆ, dvˆ)
2pi(v, vˆ)2
G(2ˆ)
G(2ˆ)
ln
( G(2ˆ)
iΥ(1ˆ)Υ˘(1ˆ)
)
. (6.50)
6.3.3 Ricci squared invariants
In the previous subsections it was straightforward to write down the superspace
Lagrangian L(2) for various invariants. To construct a Ricci squared invariant we will
instead adopt a different approach and first construct an invariant in full superspace.
To construct locally supersymmetric invariants one can use the conventional N = 3
locally supersymmetric action
S = i
∫
d3|6z E L , (6.51)
where the Lagrangian L is a dimensionless primary scalar superfield
DL = 0 , KAL = 0 . (6.52)
It was shown in [18] that the above action can be recast in the form (6.31) with
L(2) = 2∆(4) GL
G(2)
. (6.53)
and
G(2) = ∆(4)
∮
γˆ
(vˆ, dvˆ)
2pi(v, vˆ)2
L(2)(vˆ)
G(2)(vˆ)
. (6.54)
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One can consider the general actions of the form
S = i
∫
d3|6z E L(T ,DT ,D2T , · · · ) , (6.55)
where L is a dimensionless superfield constructed out of the torsion components T of
the covariant derivatives DA. One can in principle construct general higher derivatives
couplings beyond those of the previous subsections using the action (6.55). As in the
previous sections we will focus our attention on actions containing at most curvature
squared terms and thus search for an invariant containing a Ricci squared term.
To construct a Ricci squared term we will consider the invariant
S = i
∫
d3|6z E Lζ,ρ , (6.56)
with
Lζ,ρ = ζ
G2
S
IJGIGJ + ρS , (6.57)
and ζ and ρ are arbitrary constants. Using eq. (6.53) and (6.54) we can rewrite the
full superspace action in terms of a BF action with the composite O(2) multiplet
G(2)(v) = 2∆(4)
∮
γˆ
(vˆ, dvˆ)
2pi(v, vˆ)2
1(
G(2)(vˆ)
)2∆(4ˆ)(vˆ)(GLζ,ρ) . (6.58)
It can be shown that the above composite for ζ = 0 or ρ = 0 leads to a Ricci curva-
ture squared term in the action since the action will contain a term proportional to
1
g3
gI✷
2gI . Furthermore, one can show that the Ricci curvature squared contributions
cancel for ρ = 4ζ . However, the corresponding invariant does not coincide with a lin-
ear combination of the previous invariants. Thus we expect that by using the action
corresponding to L1,4 one can construct an invariant containing a scalar curvature
squared contribution independent of the Rh2 invariant already constructed.
It should be mentioned that since L is dimensionless we can let L = 1 without
breaking the dilatation symmetry. Upon doing so it is not immediately obvious
whether the invariant (6.51) gives another non-vanishing invariant, which is a full
superspace volume. However, it is not difficult to verify that it does indeed vanish.
To see this we construct the action using the superspace Lagrangian
L(2) = 2∆(4) G
G(2)
. (6.59)
One can check that it is proportional to the composite G(2),
L(2) = 2G(2) . (6.60)
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From which it is clear that the full superspace volume must vanish,
∫
d3|6z E = 0 . (6.61)
It would be interesting to re-derive our result (6.61) using the normal coordinates
techniques of [65]. Eq. (6.61) is actually quite remarkable. The point is that there
exist only three conformal supergravity theories for which one can define a full su-
perspace volume (without use of any compensator), specifically: 2D N = (2, 2), 3D
N = 3 and 4D N = 2. It is only in these cases that the superspace measure is
dimensionless, and therefore invariant under the super-Weyl transformations. In the
2D N = (2, 2) case, the corresponding full superspace volume is vanishing, as follows
from eq. (4.1) in [66]. In the 4D N = 2 case, the full superspace volume also vanishes,
as follows from eqs. (3.22) and (3.23) in [65]. Eq. (6.61) tells us that this property
holds in the remaining case, and is therefore generic. It should be remarked that the
3D N = 2 property
S =
∫
d3|4z E G = 0 (6.62)
can also be interpreted as the vanishing superspace volume in type II supergravity
provided one makes use of the covariant derivatives (4.11), which is analogous to the
new minimal formulation for 4D N = 1 supergravity [67]. However, the latter result
holds in the presence of a conformal compensator and thus corresponds to Poincare´
supergravity.
7 Concluding comments
Using the off-shell formulations for 3D N -extended conformal supergravity [27, 28]
and the results in [31, 63, 17, 29, 18], in this paper we have developed the geometric
superspace settings to construct arbitrary higher derivative couplings (including Rn
terms) in supergravity theories with N ≤ 3. We have concentrated on the explicit
construction of all supersymmetric invariants with up to and including four deriva-
tives, since these invariants are used in the models for N = 1 and N = 2 massive
supergravity advocated in [19, 20, 22].
All four-derivative invariants in N = 1 supergravity were constructed in [19, 20]
using component techniques. However, these papers did not provide tools to generate
arbitrary higher order invariants. The novelty of our superspace approach is twofold:
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(i) our construction is geometric; (ii) it allows one to generate supersymmetric invari-
ants of arbitrary order in powers of curvature and its covariant derivatives.
There are three off-shell formulations for 3D N = 2 Poincare´ and AdS supergrav-
ity theories [27, 31]: (i) type I minimal; (ii) type II minimal; and (iii) non-minimal.
For the minimal N = 2 supergravity theories, four-derivative invariants were derived
in [22] using the component superconformal tensor calculus. In the present paper,
we have developed an alternative approach which is not only geometric but also pos-
sesses, unlike the one of [22], the following key properties: (i) it allows the generation
of supersymmetric invariants of arbitrary order in powers of the curvature and its co-
variant derivatives; (ii) it keeps manifest the local superconformal symmetry; and (iii)
it does not make use of any gauge choice in deriving the curvature squared invariants.
The important point of our constructions is that they provide a complete description
of the fourth order invariants for the minimal supergravity theories. In particular, we
have described the Ricci curvature squared invariant in type I supergravity beyond
the bosonic level originally given in [22]. For the case of type II supergravity we have
provided a geometric explanation for the gauge-dependent procedure used in [22] to
construct the Ricci curvature squared invariant. We have also given a simple geomet-
ric reason for the non-existence of two independent invariants containing Rh2 terms.
Finally, we have provided for the first time a geometric setup to construct arbitrary
higher derivative invariants within non-minimal supergravity.
Using the supergravity invariants given in the N = 1 and minimal N = 2 su-
pergravity cases, we have constructed general supergravity models with curvature-
squared and lower order terms in order to study models for massive supergravity. In
these cases we have derived the superfield equations of motion, linearised them about
maximally supersymmetric backgrounds and obtained restrictions on the parameters
that have lead to models for massive supergravity. To derive the superfield equations
of motion, we have worked out in appendices B and C the response of all geometric
objects to an infinitesimal prepotential deformation. For type I supergravity we have
identified a new massive supergravity model which does not propagate any degrees
of freedom associated with the component field M about any AdS background sat-
isfying (3.65). In the the non-minimal formulation for N = 2 supergravity we have
constructed for the first time a novel consistent theory of massive supergravity.
In the case of N = 3 supergravity we have considered the off-shell formulation
with a compensating vector multiplet. For this supergravity theory the AdS action
was given in [27], the off-shell N = 3 conformal supergravity action was constructed
in [29] and the model for topologically massive supergravity was studied in [18]. In the
present paper we have constructed for the first time new higher derivative invariants
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with four and less derivatives. The new N = 3 invariants constructed appear to be
analogous to the invariants in the type II case in N = 2 supergravity. However, by
using the vector multiplet as compensator it does not seem possible to remove one of
the torsion components S, SIJ or CaIJ by gauge fixing. Thus it appears that more
invariants are possible in the N = 3 case. Perhaps the most interesting point raised
in our N = 3 analysis is that there appears to exist an independent scalar curvature
squared invariant in contrast to the the type II case. Our results provide the building
blocks for the construction of general massive N = 3 supergravity theories.
The off-shell N = 3 formulation with a compensating vector multiplet corresponds
to (2, 1) AdS supergravity. So far the appropriate compensator for (3, 0) AdS super-
gravity is not known. However, one expects the compensator to be described by a
Lorentz and SO(3) scalar primary superfield Y , while without loss of generality we
can take this compensator to be have dimension 1, DY = Y . It is expected that (3, 0)
AdS superspace is a solution to the equations of motion for N = 3 supergravity cou-
pled to the compensator. On the other hand one can describe (3, 0) AdS superspace
by imposing some differential constraints on Y . The appropriate constraints are20
∇γ(I∇J)γ Y =
1
3
δIJ∇γK∇Kγ Y , (7.1a)
∇[I(α∇J ]β)Y −1 = 0 . (7.1b)
To see this, one just degauges to conventional superspace [28] and imposes the gauge
condition Y = 1. We find the following constraints on the torsion superfields:
SIJ = 0 , CaIJ = 0 , (7.2)
which defines (3, 0) AdS superspace [64]. It is also interesting to note that the con-
straints (7.1) implies the equation
∇γK∇Kγ Y −
1
2 − 6iµY 12 = 0 , µ = const , (7.3)
where µ coincides with S in the gauge Y = 1. There appears to be a striking
similarity between the constraint (7.1a) and the one defining the N = 2 off-shell
vector multiplet suggesting that perhaps one should treat it as an off-shell condition
for the compensator. We thus suggest that the constraint (7.1a) defines an off-shell
20 In the isospinor notation, the constraint (7.1a) can be written in the compact form∇α(ij∇kl)α Y =
0. The constraint (7.1b) implies the vanishing of the super-Cotton tensor. In the super-Poincare´
case, the constraint (7.1a) describes one of the two N = 3 multiplets obtained by reducing the
N = 4 supercurrent to N = 3 Minkowski superspace [68], with the second multiplet being the
N = 3 supercurrent.
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multiplet while (7.1b) is an on-shell condition derived from an appropriate action
which is currently unknown.
In this paper we have restricted our attention to supergravity with N ≤ 3. Keep-
ing in mind certain similarities between the general N = 3 and N = 4 supergravity-
matter systems, see [27] for more details, it is natural to expect that techniques
analogous to those used for the N = 3 case can be applied to the N = 4 case in order
to construct higher derivative couplings.
In conclusion, we give a bi-product of our analysis and present superfield equations
for massive higher spin multiplets in (1,0), (1,1) and (2,0) anti-de Sitter superspaces.
A massive higher spin multiplet in N = 1 AdS superspace, eq. (2.60), is described
by a real symmetric rank-n spinor, Tα1···αn = T(α1···αn), constrained by
DβTα1···αn−1β = 0 , (7.4a)( i
2
D2 +m)Tα1···αn = 0 , (7.4b)
with m a real mass parameter. It can be shown that
( i
2
D2
)2
Tα1···αn =
(
DaDa − i(n+ 2)SD2 − n(n+ 2)S2
)
Tα1···αn , (7.5)
where the second term on the right can be rewritten as follows:
i
2
D2Tα1···αn = −D(α1βTα2···αn)β − (n+ 2)STα1···αn . (7.6)
A massive higher spin multiplet in (1,1) AdS superspace, which corresponds to
the algebra (3.62) with Cαβ = 0, is described by a real symmetric rank-n spinor,
Tα1···αn = T(α1···αn) constrained by
DβTα1···αn−1β = D¯βTα1···αn−1β = 0 , (7.7a)( i
2
DγD¯γ +m
)
Tα1···αn = 0 . (7.7b)
It can be shown that
( i
2
DγD¯γ
)2
Tα1···αn =
(
DaDa + 2(n+ 2)|R|2
)
Tα1···αn . (7.8)
In the case of (2,0) AdS superspace, which corresponds to the algebra (4.55) with
Ca = 0, massive higher spin multiplets are also described by the equations (7.7).
However, the identity (7.8) turns into
( i
2
DγD¯γ
)2
Tα1···αn =
(
DaDa + (n + 2)iSDγD¯γ − n(n + 2)S2
)
Tα1···αn , (7.9)
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where the second term on the right can be rewritten as follows:
i
2
DγD¯γTα1···αn = D(α1γTα2···αn)γ + (n+ 2)STα1···αn . (7.10)
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A Geometry of conformal superspace
Here we collect the essential details of the N -extended superspace geometry de-
veloped in [28] for the cases N = 1, 2, 3.
We begin with a curved three-dimensionalN -extended superspaceM3|2N parametrized
by local bosonic (xm) and fermionic coordinates (θµI ):
zM = (xm, θµI ) , (A.1)
where m = 0, 1, 2, µ = 1, 2 and I = 1, · · · ,N . The structure group is chosen to be
OSp(N|4,R) and the covariant derivatives have the form
∇A = EAM∂M−ωAbXb = EAM∂M−1
2
ΩA
abMab−1
2
ΦA
PQNPQ−BAD−FABKB . (A.2)
Here EA = EA
M(z)∂M is the inverse supervielbein, Mab are the Lorentz genera-
tors, NIJ are generators of the SO(N ) group, D is the dilatation generator and
KA = (Ka, S
I
α) are the special superconformal generators.
21 The supervielbein EA =
dzMEM
A is defined such that
EM
AEA
N = δNM , EA
MEM
B = δBA . (A.3)
The Lorentz generators obey
[Mab,Mcd] = 2ηc[aMb]d − 2ηd[aMb]c , (A.4a)
21As usual, we refer to Ka as the special conformal generator and S
I
α as the S-supersymmetry
generator.
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[Mab,∇c] = 2ηc[a∇b] , [Mαβ ,∇Iγ ] = εγ(α∇Iβ) . (A.4b)
The SO(N ) and dilatation generators obey
[NKL, N
IJ ] = 2δI[KNL]
J − 2δJ[KNL]I , [NKL,∇Iα] = 2δI[K∇αL] , (A.5a)
[D,∇a] = ∇a , [D,∇Iα] = ∇Iα . (A.5b)
The special conformal generators KA transform under Lorentz and SO(N ) transfor-
mations as
[Mab, Kc] = 2ηc[aKb] , [Mαβ , S
I
γ ] = εγ(αS
I
β) , [NKL, S
I
α] = 2δ
I
[KSαL] , (A.6)
while under dilatations as
[D, Ka] = −Ka , [D, SIα] = −
1
2
SIα . (A.7)
Among themselves, the generators KA obey the algebra
{SIα, SJβ} = 2iδIJ(γc)αβKc . (A.8)
Finally, the algebra of KA with ∇A is given by
[Ka,∇b] = 2ηabD+ 2Mab , (A.9a)
[Ka,∇Iα] = −i(γa)αβSIβ , (A.9b)
[SIα,∇a] = i(γa)αβ∇Iβ , (A.9c)
{SIα,∇Jβ} = 2εαβδIJD− 2δIJMαβ − 2εαβN IJ . (A.9d)
All other (anti-)commutators vanish.
The covariant derivatives obey the (anti-)commutation relations of the form
[∇A,∇B} = −TABC∇C − 1
2
R(M)AB
cdMcd − 1
2
R(N)AB
PQNPQ
− R(D)ABD−R(S)ABγKSKγ − R(K)ABcKc , (A.10)
where T is the torsion, and R(M), R(N), R(D), R(K) are the curvatures.
The covariant derivatives transform under the conformal supergravity gauge group
as follows
δG∇A = [K,∇A] , (A.11)
where K denotes the first-order differential operator
K = ξC∇C + 1
2
ΛabMab +
1
2
ΛIJNIJ + σD+ Λ
AKA . (A.12)
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Covariant (or tensor) superfields transform as
δGT = KT . (A.13)
The algebra of covariant derivatives are constrained entirely in terms of a single
primary superfield, the super-Cotton tensor. It is used in the construction of the com-
ponent fields of the 3D Weyl multiplet [29]. The super-Cotton tensor takes different
forms for the N = 1, 2, 3 cases. We summarise these cases below.
A.1 The N = 1 case
The N = 1 super-Cotton tensor Wαβγ is a symmetric primary superfield of
dimension-5/2
SδWαβγ = 0 , DWαβγ =
5
2
Wαβγ . (A.14)
The algebra of covariant derivatives is given by
{∇α,∇β} = 2i∇αβ , (A.15a)
[∇a,∇α] = 1
4
(γa)α
βWβγδK
γδ , (A.15b)
[∇a,∇b] = − i
8
εabc(γ
c)αβ∇αWβγδKγδ − 1
4
εabc(γ
c)αβWαβγS
γ , (A.15c)
The Bianchi identities imply an additional constraint on Wαβγ ,
∇αWαβγ = 0 . (A.16)
A.2 The N = 2 case
Here we make use of the complex basis for the N = 2 covariant derivatives ∇A =
(∇α, ∇¯α,∇a), see [28] for more details. The complex spinor covariant derivatives have
definite U(1) charges:
[J,∇α] = ∇α , [J, ∇¯α] = −∇¯α , (A.17)
with the U(1) generator defined by
J := − i
2
εKLNKL . (A.18)
The SO(2) connection and curvature take the form
1
2
ΦA
KLNKL = iΦAJ ,
1
2
R(N)AB
KLNKL = iR(J)ABJ . (A.19)
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The conjugation rule in the complex basis is
(∇αF )∗ = (−1)ε(F )∇¯αF¯ , (A.20)
where F is a complex superfield and F¯ = (F )∗ is its complex conjugate.
The super-Cotton tensor Wαβ is a symmetric primary superfield of dimension 2
SγWαβ = 0 , DWαβ = 2Wαβ . (A.21)
As in the N = 1 case, its spinor divergence vanishes,
∇αWαβ = 0 . (A.22)
In the complex basis (∇α, ∇¯α), the covariant derivative algebra takes the form
{∇α,∇β} = 0 , (A.23a)
{∇α, ∇¯β} = −2i∇αβ − εαβWγδKγδ , (A.23b)
[∇a,∇β] = i
2
(γa)β
γ∇γW αδKαδ − (γa)βγW γδS¯δ , (A.23c)
[∇a,∇b] = − i
8
εabc(γ
c)γδ
(
i[∇γ , ∇¯δ]WαβKαβ + 4∇¯γWδβS¯β + 4∇γWδβSβ (A.23d)
− 8WγδJ
)
. (A.23e)
Here the generators Mab, J,D, Sα, S¯
α, Ka and the covariant derivatives ∇A satisfy the
following algebraic relations
[Mαβ ,∇γ] = εγ(α∇β) , [D,∇α] = 1
2
∇α , (A.24a)
{Sα, Sβ} = 0 , {Sα, S¯β} = 2iKαβ , (A.24b)
[Sα, Kb] = 0 , (A.24c)
[Mαβ , Sγ] = εγ(αSβ) , [J, Sα] = −Sα , [D, Sα] = −1
2
Sα , (A.24d)
[Ka,∇α] = −i(γa)αβS¯β , [Sα,∇a] = −i(γa)αβ∇¯β , (A.24e)
{S¯α,∇β} = 0 , {Sα,∇β} = 2εαβD− 2Mαβ − 2εαβJ , (A.24f)
together with their complex conjugates.
A.3 The N = 3 case
The N = 3 super-Cotton tensor Wα is a primary superfield of dimension 3/2 with
vanishing spinor divergence,
SIβWα = 0 , DWα =
3
2
Wα , ∇αIWα = 0 . (A.25)
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The algebra of covariant derivatives is
{∇Iα,∇Jβ} = 2iδIJ∇αβ − 2εαβεIJLW γSγL + iεαβ(γc)γδεIJK(∇γKWδ)Kc , (A.26a)
[∇a,∇Jβ ] = iεJKL(γa)βγW γNKL + iεJKL(γa)βγ(∇γKW δ)SδL
+
1
4
εJKL(γa)βγ(γ
c)δρ(∇γK∇δLW ρ)Kc , (A.26b)
[∇a,∇b] = εabc(γc)αβ
[
− 1
2
εIJK(∇αIW β)NJK −
1
4
εIJK(∇αI∇βJW γ)SγK
+
i
24
εIJK(γd)γδ(∇αI∇βJ∇γKW δ)Kd
]
. (A.26c)
B Results for N = 1 prepotential deformation
In order to compute the equations of motion corresponding to the supergravity
action (2.52), it is necessary to know how the functionals listed in subsection 2.3
depend on the unconstrained prepotential for N = 1 conformal supergravity, which is
a real symmetric rank-3 spinor Ψαβγ in accordance with the prepotential formulation
for 3D N = 1 supergravity sketched in [25]. Here we will build on the ideas put
forward in the classic papers by Grisaru and Siegel [69] devoted to the background field
method in 4DN = 1 supergravity (see [41] for a pedagogical review and applications).
In N = 1 conformal supergravity, the gauge group consists of (i) the super-Weyl
transformations (2.7); and (ii) the superspace general coordinate and local Lorentz
transformations, which have the infinitesimal form
δKDA = [K,DA] , K = ξB(z)DB + 1
2
Kbc(z)Mbc , (B.1)
with the gauge parameters ξB and Kbc obeying natural reality conditions but other-
wise arbitrary.
Let DA be some other set of covariant derivatives which differ from DA by finite
deformations but satisfy the same (anti-)commutation relations (2.4) as the covariant
derivatives DA. We can represent
DA = EA
BDB − 1
2
ΩA
bcMbc , (B.2)
for some tensor superfields EA
B and ΩA
bc. In such a setting, the gauge transfor-
mations (2.7) and (B.1) can be realised in two different incarnations: (i) as “back-
ground” transformations; and (ii) as “quantum” transformations [69]. The latter
gauge freedom associated with super-Weyl (σ), coordinate (ξβ) and local Lorentz
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(Kbc) parameters may be used to bring the operator Dα to the form:
Dα = Dα + iΨαγδDγδ − 1
2
Ωα
γδMγδ , Ψαβγ = Ψ(αβγ) . (B.3)
The deformed connection Ωα
γδ may be determined as a function of the prepotential
Ψαβγ by requiring the spinor derivatives Dα to satisfy the same algebra as that of
conventional superspace (2.4). Specifically, we require
{Dα,Dβ} = 2iDαβ − 4iSMαβ , (B.4a)
[Dαβ ,Dγ] = −2εγ(αSDβ) + 2εγ(αCβ)δρM δρ
+
2
3
(DγSMαβ − 4D(αSMβ)γ) , (B.4b)
where we define the deformed vector derivative by
Da =
i
4
(γa)
αβ{Dα,Dβ}+ 2SMa . (B.5)
The above torsion superfields Ca and S are some functions of the prepotential Ψαβγ
and its covariant derivatives.
Requiring the algebra (B.4) fixes Ωα
γδ as a function of Ψαβγ and its covariant
derivatives. The deformed spinor covariant derivative is
Dα = Dα + iΨαγδDγδ − 1
4
D2ΨαβγMβγ − i
2
D(αδΨβγ)δMβγ
−2i
3
DβγΨβγδMδα + 3i
2
SΨαβγMβγ + O(Ψ2) . (B.6)
Here we have omitted all the terms of second and higher order in Ψαβγ, for these
terms are not necessary for our goals in the present paper. All the results below also
hold modulo terms quadratic in Ψαβγ , but we do not write explicitly O(Ψ2). Since
Dα has been determined, requiring the (anti-)commutation relations (B.4) fixes the
torsion superfields as follows:
S = S − 1
8
(
D(αDβγ) + 2Cαβγ
)
Ψαβγ , (B.7a)
Cαβγ = Cαβγ + 1
4
D(αδD2Ψβγ)δ + i
2
D(αδDβρΨγ)δρ − 1
4
SD2Ψαβγ
−5
3
C(αρτDβΨγρτ) − 4
3
(DδS)D(δΨαβγ) + 1
2
C(αβρDτΨγ)ρτ
+
1
3
(D(αS)DτΨβγ)τ + i
2
(D(αρS)Ψβγ)ρ − i
2
S2Ψαβγ . (B.7b)
Finally, the deformed vector covariant derivative is given by
Dαβ = Dαβ +D(αΨβγδ)Dγδ + 1
2
DδΨδρ(αDβ)ρ
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+
[
− i
4
D2Ψαβγ + 1
2
D(αδΨβγ)δ − 1
3
DρδΨρδ(αεβ)γ + 1
2
SΨαβγ
]
Dγ
+
[
− 5
4
D(αρDβΨγδρ) + 1
4
D(αβDτΨγδ)τ + 1
4
Dρτ
(
D(τΨγρα)εβδ +D(τΨγρβ)εαδ
)
− 1
12
εγ(αεβ)δDρǫDτΨρτǫ + 1
8
(
D(αρεβ)(γDτΨδ)ρτ −D(γρεδ)(αDτΨβ)ρτ
)
− C(αβτΨγδ)τ + 1
2
Cρτ (αεβ)(γΨδ)ρτ − 1
2
Cρτ (γεδ)(αΨβ)ρτ − 1
6
εγ(αεβ)δCρτǫΨρτǫ
+
4
3
(D(αS)Ψβγδ) − 2
3
(DρS)Ψργ(αεβ)δ
)]
Mγδ . (B.8)
For the derivation of the above results and the relations (2.54c), a number of
identities prove to be useful. The most important identities are:
D2Cαβγ = 2iD(αδCβγ)δ + 8i
3
D(αβDγ)S + 10iSCαβγ , (B.9a)
DβγCαβγ = −4
3
DαβDβS − 4SDαS , (B.9b)
DαD2 = −2iDαβDβ + 2iSDα + 4iSDβMαβ + 2iCαρτMρτ
+
8i
3
(DδS)Mαδ , (B.9c)
D(αδDβρCγ)δρ = DaDaCαβγ − 4
3
D(αβDγδ)DδS + 2iCαβγD2S − 6(D(αβS)Dγ)S
−4SD(αβDγ)S + 3Kδρ(αβCγ)δρ + 10S2Cαβγ , (B.9d)
[D(αρ,D2]Cβγ)ρ = 12iCρ(αβDργ)S − 10i
3
(DδS)Kαβγδ + 10i
3
(D(αS)Dβγ)S
+
5
3
(D2S)Cαβγ , (B.9e)
εabc(γc)(αβ [Da,Db]Dγ)S = −iCαβγD2S − 2C(αβρDγ)ρS + 8
3
(D(αS)Dβγ)S
−2KαβγδDδS , (B.9f)
εabc(γc)(α
δ[Da,Db]Cβγ)δ = 6Kδρ(αβCγ)δρ − 4
3
(DδS)Kαβγδ − 20
9
(D(αS)Dβγ)S
−4
3
C(αβδDγ)δS + 10i
3
(D2S)Cαβγ + 20S2Cαβγ , (B.9g)
where we have denoted Kαβγδ := iD(αCβγδ).
In the gauge (B.3), there remains some residual gauge freedom. It is described by
certain transformations of the form
δDA := [K,DA] + δσDA , K = ξbDb + ξαDα + 1
2
KbcMbc , (B.10)
where δσDA denotes an infinitesimal super-Weyl transformation parametrised by σ,
which is obtained from eq. (2.7) by replacing DA → DA. In order to preserve
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the condition (B.3), it may be shown that the parameters ξα, Kbc and σ should be
functions of ξa and its covariant derivatives, with ξa being real unconstrained. Modulo
Ψ-dependent terms, the parameters ξα, Kbc and σ have the explicit form
ξα = − i
6
Dβξβα , (B.11a)
Kαβ = 2D(αξβ) − 2Sξαβ , (B.11b)
σ = Dαξα . (B.11c)
The gauge transformation of the prepotential is
δΨαβγ =
1
2
D(αξβγ) + O(Ψ) . (B.12)
Let S = S[DA, ϕ] be a supergravity action such as (2.52), with ϕ being the com-
pensator. The action has to be invariant under the supergravity gauge transforma-
tions (2.7) and (B.1). Assuming that the compensator obeys its equation of motion,
δS/δϕ = 0, we consider the variation of the action induced by an infinitesimal defor-
mation of the gravitational superfield Ψαβγ ,
δS[DA, ϕ] = i
∫
d3|2z E δΨαβγTαβγ , (B.13)
for some superfield Tαβγ . This variation must vanish if δΨ
αβγ is the gauge transfor-
mation (B.12). Since the gauge parameter ξβγ in (B.12) is an arbitrary superfield, we
conclude that
DγTαβγ = 0 . (B.14)
C Results for N = 2 prepotential deformation
The prepotential formulation for N = 2 conformal supergravity was given in [63]
as a generalisation of the prepotential solution in 4DN = 1 supergravity [70]. Modulo
purely gauge degrees of freedom, the 3D N = 2 Weyl multiplet is described by a real
vector superfield Ha. In order to derive the equations of motion for the supergravity
actions (3.52) and (4.45), we have to know the dependence of these actions on Ha.
The necessary technical tools are given in this appendix.
In N = 2 conformal supergravity, the gauge group consists of (i) the super-Weyl
transformations (3.5); and (ii) the superspace general coordinate and local Lorentz
and U(1)R transformations, which have the infinitesimal form
δKDA =
[K,DA] , K = ξB(z)DB + 1
2
Kbc(z)Mbc + iτ(z)J , (C.1)
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where the gauge parameters ξB, Kbc and τ obey natural reality conditions but are
otherwise arbitrary.
Let DA be some other set of covariant derivatives which differ from DA by finite
deformations but satisfy the same (anti-)commutation relations (3.3) as the covari-
ant derivatives DA. By analogy with background-quantum splitting in 4D N = 1
supergravity [69, 41], the operators Dα and D¯α may be represented in the form
Dα = e
W
[
FDα − 1
2
∆Ωα
bcMbc − i∆ΦαJ
]
e−W , (C.2a)
D¯α = e
W¯
[
F¯Dα − 1
2
∆Ω¯α
bcMbc − i∆Φ¯αJ
]
e−W¯ , (C.2b)
for some complex first-order operator W of the form
W =WBDB − 1
2
WbcMbc − iWJ . (C.2c)
The introduction of representation (C.2) is accompanied by the appearance of a new
gauge invariance that acts on W and W¯ by
eW
′
= eWe−Λ¯ , eW¯
′
= eW¯e−Λ , Λ = ΛBDB + 1
2
ΛbcMbc + iΛJ . (C.3)
This transformation should be accompanied by certain transformations of F , ∆Ωαbc,
∆Φα and their conjugates such that Dα and D¯α remain unchanged, which leads to
some restrictions on the superfield parameters in Λ. In such a setting, the supergravity
gauge transformations (3.5) and (C.1) can be realised in two different incarnations:
(i) as “background” transformations; and (ii) as “quantum” transformations. The
quantum gauge transformations and the Λ-transformations (C.3) may be used to
choose a quantum chiral representation in which the operators D¯α and Dα take the
form:
D¯α = D¯α + · · · , (C.4a)
Dα = e
−2iH(NαβDβ + · · · )e2iH , detN = 1 , NN¯ = 12 , (C.4b)
where we have introduced the 2× 2 matrix N = (Nαβ), its complex conjugate N¯ , as
well as the differential operator
H = HaDa , H¯a = Ha . (C.5)
The ellipses in (C.4) denote all terms with the Lorentz and U(1)R generators. The
above steps are analogous to the background-quantum splitting in 4D N = 1 super-
gravity [69] described in detail in [41]. The novel feature of the 3D N = 2 case is the
appearance of the matrix N , its origin is explained in [63].
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All the building blocks in (C.4), as well as the torsion tensors for DA can be
expressed in terms of the gravitational superfield Ha by requiring these covariant
derivatives to obey the (anti-)commutation relations for the conventional superspace.
In this paper we are only interested in explicit expressions for these objects at first-
order in Ha. In this approximation the covariant derivatives (C.4) are
Dα = Dα − iDαHγδDγδ +NαβDβ + 2R¯HαγD¯γ − 1
2
Ωα
γδMγδ − iΦαJ , (C.6a)
D¯α = D¯α − 1
2
Ω˜α
γδMγδ − iΦ˜αJ , (C.6b)
where Nα
β is traceless and is related to Nαβ as follows:
Nαβ −Nαβ = δβα +HαγCβγ +HβγCαγ + 2iHαβS . (C.7)
All the superfields Nα
β, Ωα
γδ, Ω˜α
γδ, Φα and Φ˜α may be expressed in term of H
a
and its covariant derivatives. These are fixed by requiring the following algebra to be
satisfied:
{Dα,Dβ} = −4R¯Mαβ , {D¯α, D¯β} = 4RMαβ , (C.8a)
{Dα, D¯β} = −2iDαβ − 2CαβJ − 4iεαβSJ + 4iSMαβ − 2εαβCγδMγδ . (C.8b)
Here we have defined the deformed vector derivative by
Da = − i
4
(γa)
αβ{D(α, D¯β)}+ iCaJ + 2SMa . (C.9)
It should be noted that in the chiral representation the torsion superfields Ca and S
are no longer real; instead they obey some modified reality conditions. Similarly, R¯
is no longer conjugate to R. Direct calculations lead to the following expressions:
Nα
β = −1
2
D¯γDγHαβ , (C.10a)
Ωα,βγ = 4(DαH(βδ)Cγ)δ + 4iSDαHβγ + 2DαNβγ − 4iεα(βΦγ) , (C.10b)
Ω˜α,βγ = 4iεα(βΦ˜γ) , (C.10c)
Φα =
i
4
DαDβD¯γHβγ + i(DαCβγ)Hβγ + 4(DβS)Hαβ , (C.10d)
Φ˜α =
i
4
D¯αD¯βDγHβγ . (C.10e)
The deformed torsion superfields are
R = R+ i
2
D¯αΦ˜α , (C.11a)
R¯ = R¯+ i
2
CαβγDαHβγ + 4i
3
(DβS)DαHαβ − 1
6
(D¯αR¯)DβHαβ
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+2R¯CαβHαβ + i
2
DαΦα , (C.11b)
S = S − 1
8
C¯αβγDαHβγ − 1
24
(8D¯αS − iDαR)DβHαβ − i
4
NαβCαβ
+
1
8
DαΦ˜α − 1
8
D¯αΦα , (C.11c)
Cαβ = Cαβ − 1
4
D¯γDγNαβ − 2iSNαβ − 2HαβRR¯+ i
2
D(αΦ˜β) + i
2
D¯(αΦβ) −N(αδCβ)δ
− i
2
(DγHγδ)C¯αβδ + i
2
(DγHδ(α)C¯β)γδ + i
12
(5iDγR− 4D¯γS)D(αHβ)γ
+
i
12
(iD(αR+ 4D¯(αS)DγHβ)γ − i
12
(iDγR+ 4D¯γS)DγHαβ . (C.11d)
In conclusion, a few comments are in order regarding the chiral representation
used above. In order to switch from the original real to the chiral representation,
every scalar superfield T has to be transformed to
T = e−iH
aDaT . (C.12)
This tells us that δT = −iHaDaT = T− T +O(H2) is the complete variation in the
case that T is unconstrained. For instance, the prepotential V for the N = 2 linear
multiplet varies as
δV = −iHaDaV . (C.13)
However constrained superfields transform in a more complicated fashion since their
constraints must be preserved under shifts in the prepotential. For instance, for a
covariantly chiral superfield Ψ of U(1)R charge −12 and its conjugate Ψ¯ we obtain
δΨ = − 1
16
Ψ([Dα, D¯β]Hαβ − 4iDaHa) , (C.14a)
δΨ¯ = − 1
16
Ψ¯([Dα, D¯β]Hαβ + 4iDaHa)− 2iHaDaΨ¯ . (C.14b)
Similarly, it can be shown that the N = 2 linear superfield varies as
δG =
i
4
(D¯αDαHγδ)[Dγ , D¯δ]V − 1
2
HγδD¯αDαDγδV − 1
2
(D¯αHγδ)DαDγδV
+
1
2
(DαHγδ)D¯αDγδV − 2i(D¯αHαγ)R¯D¯γV − 2i(DαHαγ)RDγV
−2iHαβ(D¯αR¯)D¯βV , (C.15)
which can be rewritten in the following form:
δG = −iHaDaG+ i
8
([Dα, D¯α]Hγδ)[Dγ , D¯δ]V
+Hαβ
(
2C(αγDβ)γ − i(D(αR)Dβ) − i(D¯(αR¯)D¯β)
)
V
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+
1
2
(DγHαβ)
(
DαβD¯γ + iCγαD¯β
)
V − 1
2
(D¯γHαβ)
(
DαβDγ − iCγαDβ
)
V
+(D¯αHαβ)
( i
2
CβδDδ + SDβ − iR¯D¯β
)
V
+(DαHαβ)
( i
2
CβδD¯δ − SD¯β − iRDβ
)
V . (C.16)
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